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FOREWORD

This report was developed under NASA Contract NAS8-24920, '"Derivation
of Equations for a 6-D Trajectory with 3-D Elastic Body Vehicle Dynamics”.
The report documents the derivation of all subsystem dynamics equations
which are logically grouped for simulation purposes into separate modules
described in an earlier companion report (ref. 1). Those equations in this
report that are enclosed by straight lines are those equations that appear

in the Simulation Diagrams of reference 1.

The NASA Technical Coordinator was Mr. D. K. Mowery, Aero-Astrodynamics
Laboratory, George C. Marshall Space Flight Center, Huntsville, Alabama.

The study program was conducted by Northrop-Huntsville's Dynamics

Analysis Section.
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ABSTRACT

This report contains the derivation of equations for the following

subsystem dynamics:
e elastic body (3-D)
trajectory (6-D)

initialization

gravitation

slosh

rigid body rotation
aerodynamics

propulsion and engine dynamics

loads

guidance and control

Each set of subsystem dynamics equations is presented in a form amenable
to inclusion within a simulation module. The modules may then be assembled
to provide an overall mathematical model for use in simulating the flight

dynamics of space shuttle vehicles during boost-phase flight.
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Section |
INTRODUCTION

In general, space vehicle dynamics are closely approximated by assuming
that the vehicle is symmetrical. Past problems encountered on the Saturn V
vehicle flights have shown a strong deficiency in predicting correct
vehicle dynamics under this symmetry assumption. These critical assumptions
may be eliminated by rederiving total system equations with limiting restrictions.
These equations may be developed logically and presented in a step-by-step
and subsystem~by-subsystem approach (refs. 2, 3) enabling a quick simplifi-
cation or change to any subsystem. The formulation and modularization of
these subsystem dynamics equations will provide the necessary elements or
modules (ref, 1) of a mathematical model for use in simulating space vehicle
flight dynamics. Success with this apprcach has been demonstrated by a

previous simulation (ref. 4).

The derivation of subsystem equations for a 6~D trajectory using 3-D
elastic vehicle mode shapes 1is presented in Sections II through XI. Section
XII presents conclusions and recommendations, and a listing of a few important

references may be found in Section XIII,
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Section Il
ELASTIC BODY EQUATIONS

2.1 GENERAL

Space vehicle dynamics have been approximated with some success by assuming
that the vehicle is symmetrical. For conventional vehicles having a high degree
of axial symmetry, there is usually negligible coupling between the pitch and
yaw lateral elastic modes, as well as between lateral and longitudinal or
torsional elastic modes. Thus, an analysis of the planar elastic properties

of the vehicle is usually sufficient for purposes of control system analysis.

However, understanding the bending dynamics of advanced space vehicles
which may possess large numbers of vehicular asymmetries, particularly during

boost-phase flight, requires among other things, that the investigator

(L) Accurately determine the vehicle's three-dimensional
vibration characteristics called 3-D modal data,

(2) Provide tractable equations suitable for mathematically
representing the vehicle's elastic body dynamics, and

(3) Correctly use the 3-D modal data (generalized masses,
natural frequencies, modal displacements, modal slopes)
as parametric inputs vital to the solution of the elastic
body equations.

2.2 ASSUMPTIONS

It has been assumed that the 3-D modal data that are to be used with the
elastic body equations have been previously determined by using a vehicle bending

model that includes/excludes the following:

Includes Excludes
e empty airframe e engine masses

e nunon-slosh propellants

@ slosh propellants (frozen)

Important consequences of using this type of 3-D modal data are described
in Section VI - Propellant Slosh Equations, and Section IX - Propulsion and

Engine Dynamics.
2-1
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23 EQUATION DEVELOPMENT

2.3.1 Elastic Body Equations

It is the purpose of the elastic body equations to determine bending at
specified vehicle stations due to forces and moments at those stations. Each
bending mode is modeled as a linear second-order dynamic system with a

cnaracteristic natural frequency and damping as follows:
n+ 2w ; + 0 R =N 6 (2-1)

where

n-vector of generalized accelerations

=
]

(Note: n is the number of bending modes)
r = n-vector of generalized velocities
n = n-vector of generalized displacements

n X n diagonal damping coefficient matrix

«w = n x n diagonal undamped natural frequency matrix
M = n X n diagonal modal mass (generalized mass) matrix

M~ = n x n diagonal inverse of M

Q = n-vector of generalized forces

23.2 Generalized Forces

The generalized force Q is considered to have contributions from

aerodynamics, slosh, engine thrust, and engine inertia, as follows:
Q= QA + QS + QT + Qg (2-2)

wiere the generalized forces QA’ QS’ QT’ and QE are discussed in the following

subsections.
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2.3.2.1 Generalized Force Due to Aerodynamics, QA

W= Q%r T Uy (2-3)
N N
A A
23 ~ - 2B - -
L S U S ) oF (R, ) WO
g Ab Ag 5 ey AB Ab (2-4)
8 j=1 ] j 3 j h
2.3.2.2 Generalized Force Due to Propellant Slosh, QS
= +
QS QSF * QSFL QSM * QSML _ (2-5)
Ns Ns
-5 @E(R)E‘B+Z ¢§(RL)F§+
NS Ns
v T ,= -B T = -B
$ R M + b M
Doy RS+ 1 o R) L, (2-6)
j=1 J J =1 J
2.3.2.3 Generalized Force Due to Engine Thrust, QT
Qp = Qrp (2-7)
N
E 1 - | =B
= 2-8
) % (Rg ) Fripy (2-8)
j=1 J 3
2.3.2.4 Generalized Force Due to Engine Inertia, QE
Q = U * %y (2-9)
N.. N.
i . A
v = -3 Eor o -B
= ! i s 5 2=
Lo @) IE(b)_ + ) N (R, ) Mgy (2-10)
i=1 ] ioi=1 3

NOTL: Refer to subsection 2.5 GLOSSARY OF TERMS

2-3
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Substituting equations (2-4), (2-6), (2-8), and (2-10) into equation (2-2)
results in a form for the total generalized force that is amenable to simulat-

tion, as follows:

N N
A A
- ¢ - =B N B KT = =B
Q Lo @5 (RAB ) Fo L L @y (RA3 AAS
S . . fo I o = .
i=1 j j j=1 j j
P B NERE, B
= - N T - -
-+ & + H " "
/ ,J; (RS.) FS; i w(; (RL') }L,
J=1 J J j=1 J J
NS NS
+ T T 3 =B L v LT R Nt
L oo Ry ) Mg ) v Ry
N
ok L ®. ) FB
+ < € “E.7 T T(b)
j=1 ] ]
N T B CE T = ~B
P R F + 50 R. ) M 2-11
+ L g (R ) E(b). ¢ ¥ (Rg ) ‘r:(b)j ¢ )
j=1 ’ | j=1 ’

2-4
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24 GENERALIZED ACCELERATION, VELOCITY, AND DISPLACEMENT

Equation (2-1) can be rearranged to provide the form

A= Q-2.u7F-u57 (2-12)

cr the equivalent modal form

) Q1
r n. = - 20 won - _uzr}
1 Ml 17171 11
- (2-13)
Q . 2
ml1 = - Cnmnn B LUnrn
- I‘I -
- - n J

Generalized accelerations Hi (i=1, n) are calculated algebraically. The Hi's

are successively integrated to provide the generalizecd velocity

t

: ‘
A = | mpdt + A i=1,n (2-14)

o

and the generalized displacement

wilere N, (o) and v, (0) are generalized velocity and displacement at time t=0.
1 1

(e}
|
[¥)]
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25 GLOSSARY OF TERMS

SYMBOL DEFINITION UNIT
- FB -
ASX, h
J Vector force at the jt aerodynamic station
B - B (aero panel) of the G-body, where 8 = £ ,
Aﬁj Ade (fuselage), w (wing), h (horizontal stabilizer),
and v (vertical stabilizer).
B
}AdZ,
L 3 -
F
E(b)X,
3
[ r th
'E(b)j = E(b)Yj Vector force of the j engine inertia N
B
Friz,
J
L .
"5 ]
X,
J
FE = FiY Vector force of the jth tank longitudinal N
j 3 slosh mass inertia '
B
LZ
— -
FB
SX,
J
?% = FgY Vector force of the jth tank lateral N
®3 i slosh mass inertia ’
FB
SZj
L. -

2-6
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SYMBOL DEFINITION UNIT
p— B —
Frimx,
J
. th
§B - FB Vector force of the j N
T(b) . ' T(b)Yj engine thrust
J
B
F
T(b)Zj
- -
- M
RS
31 0
\[ = iodal mass'(generallzed kg
mass) matrix
0 Mbn
- -
~ -
1 0
=
bl
-1 .
M = Inverse modal mass matrix 1l/kg
0 1
I Ty
’— -
;\IB
ABX, Aerodynamic vector moment at
B the jth aero station of the B-
L. My Ly body, where 3 = f (fuselage) N-m
Aﬁj A3 j w (wing), h {horizontal stabilizer),
B and v (vertical stabilizer)
“IAsz;

2-7
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SYMBOL DEFINITION UNIT

— -

\'IB

“E(b)X,

‘ ]

.th

B “B Vector moment of the j

“E(b), = LE(b)Yj engine inertial force N-m
]

~-B B Vector moment of the jth tank
L LY, longitudinal slosh mass N-m

-B MB Vector moment at the jth slosh
‘5,7 SY mass inertia N-mn

Qo= Generalized forces N

2-8
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SYMBOL

b1

sl

3]s

DEFINITION
0
Damping ccefficient matrix
Z
“bn
-

Generalized accelerations

(NOTE: The subscript n
represents the number of

bending modes)

Generalized velocities

Generalized displacements

2-9

UNIT

unitless

m/sec

m/sec
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SYMBOL DEFINITION UNIT
Matrix transpose of wmodal displacement coelficient w/n
matrix (order: n x 3, waere n is the number of unitless
r _ - . 1 bencing modes considered), at the th aerc
iclx(RA ) GLY(RA_ ) :IZ(RA ) station cf the 3-body (where £ = [ (fuselage),
% “j ji w (wing), I (horizontal stabilizer),and v
T - { (vertical stabilizer), definea by position vector
"‘l’,(RA_ )= i }{A
] } r Yoo R R R *3
‘r"h(RA NnY(RA_ ) nZ(RA‘)
L JJ 5 Ji_ i =1, NA , where NA is the tota: number of
S &
aerc stations cpnsidered on the z-body
f_ - = = .
xRy )ty (R ) ey (Ry ) , o e
j M j Marrix transpose of mcdal displacement coefficient n/m
IT(' ) = | matrix at the j _ engine attach point defined by unicless
< RE; . pusitioa vector RE
’ J
!:nX(RE.) QﬁY(RE.) :nZ(RE_) j =1, N,vwhere NE is the total number of engine
i N 3 J attacnh point locations
L
(oG G o] 1 aiag
»'lK(RL } 'lY\RLJ) “1Z(KL ) Matrix transpose of modal displacement coelficient o/m
E ] ] matrix at the lower bulkhead of the j tank defined unitless
da . R by the position vector RL‘
Z Lj ! : 3
! - = ’ j = 1, N_ where N_. is tne total number of ta
M . ¢ (R s (R J , No wh No i number nis
n‘((RLJ ay! ui) nZ LJ X considered in"slosh
[ = -
e g : .
[¢1X(RS,) ¢1Y(RS ) 1HlZ( 54)1 Hatrix transpose of modal displacement coefficient o/m
T I ] 1 J i matrix st the jtf slosh mass iccation defined by unitless
‘E(R§_> = } : . : position veczor RS,
j | . . ; J
. R R : R i j =1, N
fax(Rg ) 2y Rg 1 a5 (R ) J s
L ] J 2
e _ C 7
i”lx(RA IS O R AL ) Matrix transpose of modal rotational coefficient rad/=
T i 25 E 35 matrix at the jB aero station of the s~body
AR )= . ) detined by position vector R,
. : | 23
J i i 3
[ 'z 'R =1, N
Hax Ry Y ey Ry ) e (R ), Y
i b, b £ -
L J J I
T [ . - ‘]
illX(REv) QIY(RE,) QlZ(RE.)< Matrix cranspose of modal rotational coef[i§ient rad/m
- ' ] ] ] matrix at the } engine attacn point location
?l(RF ) = } . defined by positicn vector RE
. 1 : i
| ' _ [
Pax®Re 1 oy ) 2 (Rg ) 3= d N
; 1 3 J
L
[‘ v - 1 - ' - j
:LX(RL / «i\(Ri ) AL )l Matrix transpose or modal rotational coefficient rad/m
l J 3 i macrix at Lhe lower bulkhead of the j&' tank
‘(E‘ - ’ derined by the position vector R
v 3
’ L I s 'on I, &
3 . T ) o= 1w
i‘nx(hL_) rn‘ u o ) 'nZ\I\L ) >
L 3 S
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SYMBOL

<

—

DEFINITION
predied ittt
' -
:]Z(Rg )w Hutrix transpese ol modal rotativunal coelficient
T maltrix at the jL“ slosh mass location delined oy

pusition vector Rq
"

|
} Cndamped natural frequency matrix
|
|

2-11

rad/sec
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Section 11
VEHICLE TRAJECTORY

3.1 GENERAL

A vehicle's acceleration relative to an inertial frame may be found
through the use of Newton's laws of motion, and the principle of superposition
of forces. Successive integration of this acceleration will render the
vehicle's velocity and position relative to the inertial frame. These in
turn can be used to calculate significant parameters of the vehicle relative

to the rotating earth.

The development of equations and coordinate transformations used in
simulating a vehicle's trajectory during boost phase flight in the earth's
atmosphere is outlined in the following subsections. Those equations that are
bcxed in are presented in the Simulation Diagram of the Trajectory Module

described in a companion report (ref. 1).

3.2 DERIVATION OF EQUATIONS

Newton's laws of motion, combined with the principle of superposition of
forces, states that the sum of the forces acting on a body equals the mass
of the body times its aéceleration (assuning all quantities are measured in
an inertial frame). If the B-frame, fixed in the body, is assumed to be

rotating slowly enocugh to be considered inertial, the above law states that

CEPem AP (3-1)

This is convenient for finding the acceleration due to body forces, A

Rearranging equation (3-1), it follows that

AL 7P (3-2)
Mr

-B. - ’
Considering the body forces FA (aerodynamics), FB (engine inertia),

E

=5 . = . .
Fq (propellant slosh), and FB {engine thrust) one can reduce the summation form

T
of equation (3-2) to the following form:

3-1
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=B 1 =B =B =B =B
A -T’L;(FA+FE+FS+FT) - (3-3)

To this must be added the acceleration due to gravity, A_, which is

G
easily calculated in the Plumbline Frame. To do this, A is first changed

B#*
to Plumbline coordinates by using AP s the Body-to-Plumbline transformation:

al = aTB 3B (3-4)

Then the total acceleration acting on the vehicle is

-P -P -P -
AT = A + AG (3-3)

This is integrated to obtain ﬁP, the vehicle's velocity in the Plumbline

Frame

. =P P
R = AT dt + R (0) (3-6)

and integrated again to obtain ﬁP, the vehicle's position in the Plumbline

Frame:

& ar + 75(0) (3-7)

The magnitude of §P can be found in a straightforward manner, from the

definition of a dot preduct:

1/2 (3-8)

v= (R R

The velocity of the vehicle relative to the earth can be found by

subtracting out the rotation of the earth from the vehicle's orbital velocity:

=P =P 5? =P (3-9)

Coordinate Transformation s

€
(93]

A Sge Subgossion
SES D8R TToNn 3
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For the purposes of this simulation skew-symmetric (tilde) 3 x 3 matrices are

used to effect cross products, since matrix multiplication is easier to

implement. In this case, the tilde matrix is

[ P P ]
- 0
0] QZ LY
P_| P P
o= 2y 0 QX
P
""2 G
B Y X 0 _

Then equation (3-9) can be written as

¥ -r -0l R

Similarly to equation (3-8), the magnitude of RP

R = (& - B)L/2

is

(3-10)

(3-11)

(3-12)

The coordinates of R in the Inertial Equatorial Frame may be found through

o

the use of API", the I - to -P transformation:

§I _ [API]—l RP

But API is an orthogonal transformation, so that

[API]-l - [API]T

Then equation (3-13) can be written as

RI - [API]T iP

(3-13)

(3-14)

(3-13)

The vehicle's geocentric latitude, ¢', is defined to be the angle between

the earth's equatorial plane and the vector from the earth's geometric center

to the vehicle's CG (R), positive north of the equator.

3-1, this is seen to be

See Secticn IV, Initialization 33

Referring to Figure
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¢' = sin 1 ) (3-16)

The vehicle's altitude, h, is defined as the height above the surface
"of the earth; in the Fischer model, it is the height above the earth's reference
eilipsoid. At geocentric latitude ¢', the reference ellipsoid has a radius
of

b
e

/ 2 2
1- ee cos ¢

where be is the ellipsoids semi-minor axis (polar radius) and €q is its

(3-17)

eccentricity.

Then h is found to be

The vehicle's longitude, 4, is defined to be the angle between the
Greenwich meridian and the vehicle's meridian, positive east of Greenwich.
Since the I-frame is inertial and the Greenwich meridian is on the rotating
earth, this rotation must be taken into account. Then it can be seen from

Figure 3-1 that

I
Al i
} = tan T - % (t + °GRR)‘ (3-19)
RX

The vehicle's geodetic latitude, ¢, is defined to be the angle between the
earth's equatorial plane and the normal to the reference ellipsoid at a point
directly below the vehicle, with direction positive north of the equator. The
latitucde ¢ differs from $' because of the changing curvature of the ellipsoid,

and is related to o' by the equation:

¢ = tan > tan ¢! (3-20)

3-5
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33 COORDINATE TRANSFORMATIONS
Since the acceleration due to body forces is computed in the Body Frame
but is needed in the Plumbline Frame, the proper Body~to-Plumbline transfor-

. PB . . . . .
mation, A ~, must be found. The derivation of this transformation is outlined

in the following subsections.

3.3.1 Plumbline to Body (P—to—B)
The P-frame (Plumbline) having coordinate axes XP, YP, ZP, is shown in
Figure 3-1 (Detail A). A right-hand rotation about the YP—axis (Figure 3-1,

Detail B) through an angle @ can be represented by the transformation

M T
X' cos & 0 =-sin & XP (;;ﬁ
i (3-21)
v l=| o 1 0 vPl - el ':’Pil
z' sin = O cos = ZP L?ﬁj

Note that O is on the Y' axis (Figure 3-1, Detail B).

A similar right-hand rotation about the Z'-axis (Figure 3-1, Detail C) through

an angle % can be represented by the transformation

X" cos ¥ sin ¥ 0 X! BY
|
Y'} = |-sin ¥ cos ¥ 0 RN R S P O
(3-22)
2" 0 0 1 z' Lz

Note that ¥ is on the Z" axis (Figure 3-1, Detail C).

A final right-hand rotation about the X"-axis (Figure 3-1, Detail D) through

an angle + can be represented by the transformation

Er‘ XB} 1 0 o [ x"‘! i—x"'_}
| v2 =] 0 cos ¢ sin ¢ ’ Y| = [311 ! Y|
L_ZB 0 -sin s cos ¢ L.Z” l—ij

Note that ¢ is on the XB axis (Figure 3-1, Detail D).

3-6
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The three sucgeSsive rotations of equations (3-21), (3-22), and (3-23) provide
a transformation matrix that relates a vector EP in the P-frame to the vector

aB in the B-frame as follows:

% = (o], v, [e), & = A% 3F O (3-24)
3.3.2 Body to Plumbline (B—to—P)
The Euler angles !, ¥, and © are considered positive for the P-to-B trans-
formation and negative for the B-to-P transformation. The B-to~P transformation

may be written as follows:

-P -1 -B BP.-1 -B
as = {[2]] [¥], [0],) " a” = [AT] (3-25)
where the matrix inverse may be expressed as
BP.-1 _ . .=1 . ,-1 4171 _
[a7 1~ = [e], [.]3 [+], (3-26)
= [6]5 [vlg [¢Jf (3-27)
= [-612 [-‘?]3 [-¢]l (3-28)
= oFB (3-29)
where
cos(-€) O -sin(-06)
[-3]2 = 0 1 o - (3-30)
sin(-G) O cos(—Q)J
cos(-¥) sin(-t) O]
[—'«P’]3 = |=-gin(-¥) cos(-¥) O (3-31)

0 0 1|
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1 0] 0
[—1]l = 0] cos (-1) sin(-1) (3-32)

0 -sin(-¢) cos(~1)

34 GLOSSARY OF TERMS

SYMBOL DEFINITION UNIT

a Any arbitrary vector, see equation (3-24) arbitrary

a, Semi-major axis of the earth ‘ m

A Acceleration due to body forces m/sec

EG Gravitational acceleration m/sec2

ABP Plumbline-to-Body coordinate transformation matrix unitless

APB Body-to-Plumbline coordinate transformation matrix unitless

b, Semi-minor axis of the earth m

F Any distance force acting on the vehicle N

?A Total aerodynamic force acting on the vehicle N

FE Total engine inertial force acting on the vehicle N

?S Total slosh force acting on the vehicle N

FT Total engine thrust force acting on the vehicle N

! Vehicle's altitude above the surface of the earth m

m Total mass of the vehicle 7 kg

R Scalar distance of the vehicle CG from the earth's m
geometric center

R Position vector of the vehicle CG m

§(0) Position vector of the vehicle CG at initialization m

R Velocity vector of the vehicle m/sec

i(O) Velocity vector of the vehicle at initialization m/sec

t Instantaneous time sec

tGRR Time of Guidance Reference Release sec

v Scalar velocity of the vehicle m/sec

VE Vehicle's velocity vector relative to the earth's surface m/sec

o Eccentricity of the earth unitlgss

N Euler rotation about the YP axis rad
Longitude of the vehicle's position rad

3-8
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DEFINITION

Geodetic latitude of the vehicle's position
Geocentric latitude of the vehicle's position

B .
Euler rotation about the X axis

Euler rotation about the 2' axis

Earth's vector angular velocity

Skew-symmetric Q matrix: equivalent to .the vector cross
product operation "Q x ( )"

3-9

UNIT

rad

rad
rad -
rad
rad/sec

rad/sec
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Section IV
INITIALIZATION

4.1 GENERAL

The initial parameters of a simulation, as given, must be converted into
a more usable form in order to be impleménted. In particular, the angles
which determine the launch site must be converted into a transformation matrix,
the earth's angular rate must be converted into a vector, and all of these

then converted into the vehicle's initial position and velocity.

4.2 DERIVATION OF EQUATIONS
The earth's angular rate, Qe, is given as parametric input. Since by
definition the vector angular velocity is aligned along the ZI axis, it

follows that -
(4-1)

Since this is more useful in Plumbline coordinates, the Inertial Equatorial-

. . PI=* .
to-Plumbline transformation, A , may be used to obtain

1

0
aF = afh ‘ 0 ' (4-2)

At launch the vehicle is at rest with respect to the earth, so that any

inertial velocity it has is due to the earth's rotation. Then this velocity

is

PP xR/ ‘ (4-3)
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4.3 COORDINATE TRANSFORMATIONS

4.3.1 Inertial Equatorial—to—Plumbline Transformation

The I-to-P coordinate transformation matrix, API, may be computed by
using the angles which reference the launch site's position to the Greenwich
meridian, the equator,and true north, at GRR: AL, $L.and AZL’ respectively

(See Figures 4-1 and 4-2).

. A . ; A
The launch longitude, L, is the angle between the launch meridian and
the Greenwich meridian, which contains XI. Then a right-hand rotation of i,
. I . I . . -
radians about Z°, true north, will rotate X into the launch meridian, with

the new X still lying on the equator. This rotation is represented by the

svmbol [AL]3, as defined below:
cos AL sin AL 0
1} = ~g1 - -
[HL]3 sin AL cos A 0 (4-4)
0 0 1

The launch geodetic latitude, ¢L, is the angle between the equator and
P . . . .
X . Since the new Y created above is on the equator perpendicular to the
launch meridian, a right-hand rotation of -¢L radians about the new Y will

. L . p . . .
rotate the new X into coincidence with X'. This rotation is represented by

the symbol [—@le as defined below:
B o . )
cos(—¢L) —51n(—®L
e ), = | O 10| (4-5)

\ !
51n(-®L) 0 cos(—¢L)

L d

. : P P .
The launch azimuth, A__, is the angle between the X - Z  plane and the

ZL
launch meridian. Then a right-hand rotation of —AZL radians will bring the

c e . P , P
new Z created above into coincidence with Z° and the new Y with Y , thus
completing the transformation of the I-frame into the P-frame. This rotation

is represented by the symbol {-A, ]., as defined below:
¥ ¥ ZL'1

4=2
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LAUNCH
MERIDIAN
GREENWICH
MERIDIAN
EQUATOR
I
X
YI
XI, YI, ZI

ORIGIN: EARTH'S GEOMETRIC CENTER

X AXIS: IN THE EQUATORIAL PLANE,
POSITIVE AT THE GREENWICH
MERIDIAN AT TIME QF GRR

Z AXIS: POSITIVE ALONG THE EARTH'S
MEAN SPIN VECTOR (TRUE NORTH)

Y AXIS: COMPLETING A RIGHT-HAND
FRAME

Figure 4-1. INERTIAL EQUATORIAL FRAME
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LAUNCH
SITE

FIRING
DIRECTION

EQUATOR

LAUNCH
MERIDAN

ORIGIN: EARTH'S GEOMETRIC CENTER
X-AXIS: PARALLEL TO GRAVITY GRADIENT

OF LAUNCH SITE

Z-AXIS: POSITIVE IN DIRECTION OF LAUNCH

AZIMUTH (FIRING DIRECTION)

Y-AXIS: COMPLETING A RIGHT-HAND

FRAME

Figure 4-2. PLUMBLINE FRAME
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r -
i1 0 0

- = (= i - -

[ AZL]l 0] cos( AZL) sin( AZL) (4-6)
L 0 —51n(—AZL) COS(-AZL)J

. I
Thus, the I-to-P transformation, AP » 1s given by

PI

AT =] Aol (4-7)

“Agnty [meply, [rply

4.3.2 Launch Position Transformation
Four parameters are used to calculate the vehicle's initial position
in the Plumbline Frame: AZL’ ¢L, ti, and RL’ the scalar distance of the

vehicle CG from the earth's geometric center. The vehicle's position vector,

iL’ is first considered to be in the REN Frame, where

R is defined by the direction of §L

E is on the equatorial plane and perpendicular to R, such that R x E
is in the earth's northern hemisphere (Local East)

N completes the right-hand frame (Local North)

(See Figure 4-3,) Then

The difference of the launch geodetic and geocentric latitudes, mL' O

: . . P 1a ' o s .
1s the ang.e petween R and X'. It follows from the definition of E that this
axis is perpendicular to both R and XP. Then a right-hand rotation of

(;i - 1, ) radians about the E axis will bring R into coincidence with XP,
iy

so that both E and the new N are now in the YP - ZP plane. This rotation is

represented by the symbol (Qi - @L]z, as defined below:



TR-716
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— _ ' 7
cos(¢; - 9) O -sin(of - ¢))
1 _
[op = ¢ply = 0 1 0 (4-9)
in(t! - & L
_51n(¢L L) 0 cos(¢L ¢L)
The launch aziputh, AZL’ is the angle between the XP - ZP plane and the

launch meridian (the XP - X plane). Note that XP is now perpendicular to

both E and the new N, as well as YP and ZP.

'AZL radians about XP (the new R) will bring the new N created above into
coincidence with ZP and E with YP, and thus complete the transformation of the

Then a fight-hand rotation of

REN Frame into the P-frame. This rotation is represented by the symbol

[—AZL]l, as defined below:
- -
1 9] 0
[—AZL]l =| 0 cosk—AZL) 51n(—AZL) | (4=10)
_0 —51n(—AZL) Cos(—AZL) ]
Thus, iL in Plumbline coordinates is found to be
RLW
R = [(-A, 1, [o! =03, |0 (4-11)
L ZL'1 L L°2
0

4.3.3 Restart Option #1
Restart Option #1 is designed to take as parametric input the following

1
earth-related parameters, evaluated at restart: $o’ Xo’ Ro’ to’ AZo’ Yoo and Vo

It then computes the vehicle's initial position and velocity vectors, resolved

in the Plumbline Frame: ﬁz and ﬁg, respectively.

4.3.3.1 Restart Position Transformation. Similar to the Launch Option, ﬁo

is first considered to be in the REN Frame, defined above. (See Figure 4-4.)
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" Z SECOND ROTATION:

[A]3

P

FIRST ROTATION: [é'J
°J,

—_—

Figure 4-4. RELATION OF REN FRaME To Iyl 7T

4-8

INERTIAL EQUATORIAL) FRAME




KORTHROP : TR-716

HUNTSVILLE

As before,

2, |

I_{RE[\ _ o |
e}

0 J

The vehicle's geocentric latitude at restart, ¢é, is the angle between
é and the equatorial plane (the XI - YI plane). Since é is on the XI - YI
plane it is perpendicular to ZI, and also perpendicular to ﬁ by definition.
Then a right-hand rotat?on of @é radians about the E axis will place é on
the equator, and bring N into coincidence with ZI. This rotation is represented

by the symbol [¢é]2, as defined below:

—

= ' e '
cos ¢o 0 sin ¢O
[m;]z = 0 1 0] (4-13)
sin o' 0 cos ¢'
o o

The angle between XI and the new R, above, is related to the vehicle's
longitude at restart, AO. Longitude, XO, is referenced to the rotating eartn
and not directly to the inertially fixed 1-frame; i.e., the rotation of the
earth since the I-frame was fixed (at GRR) has been subtracted out. (See
equation (3-19.) To relate ﬁ to XI directly then, the earth's rotation must
be added back. To simplify the nctation, a new parameter is defined:

L= -(\o + Qe (tcJ +t » (4-14)

GRR

Note that 3 is the negative of the angle from XI to the new é. Since
both E and R are now on the equator, ZI is now perpendicular to both. Then
a right-hand rotation of ' radians about ZI will bring the new ﬁ into coincidence
with XI and [ with YI, thus completing the transformation of the REN Frame

into the I-frame. This rotation is represented by the symbol [A]3, as defined

below:
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cos A sin A O
[/\]3 = ~sin & cos & O (4-15)
0 0 1

- s . PI | .
The transformation matrix, A is used to resolve the vector Ro into

Plumbine coordinates.

R

P PI, . . °

R = [a71) (4], (611, [0 (4-16)
0

4.3.3,2 Restart Velocity Transformation. The vehicle's velocity vector,

R

ig first considered to be in the VJK Frame, where

Ry
V is defined by the dlrectlon of R
J is in the dlrectlon of V x R
K completes the right-hand frame.
Then
vo
R Y- o (4-17)
o
0

(See Figure 4-5.)

The vehicle's flight path angle at restart, Yg? is the angle between

Q and the % - ﬁ plane (local horizontal). Thus % - is the angle between
V and ﬁ Note from the definition that 3 is perpendlcular to both V and R
Then a right-hand rotation of (— ~Ye ) radians about the J axis will bring
v into coincidence with R, and place k on the E - \ plane. This rotation is

represented by the symbol [7 - YO]Z’ as defined below:

4-10
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SECOND ROTATION: [AZ 0] :
/
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-N

Figure 4-5. RELATION OF VJK FRAME TO REN FRAME
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cos(z = vg) O -sin(G - v )
[% - v,y 0 1 0 (4-18)
sin(% -v,) 0 cos(% - ¥,)

The vehicle's azimuth at restart, AZo’ is the angle between the R - V

plane (the restart meridian) and the K - V plane. Thus, it is also the angle

between the new K and &. Slnce the new K is on the E - N plane, R is now
perpendicular to both i and V Then a right- hand rotation of AZ radlans
about the R axis (the new V) will bring the new K into coincidence with N and
J with E, thus completing the VJK-to-REN transformation. This rotation is

representea by the symbol [AZo]l’ as defined below:

0 0
[AZO]l = 0 cos AZo sin AZo (4-19)
0] -sin AZo cos AZo
Then in REN coordinates ﬁo is
VO
REN _ . T -
Ry LA20]1 [2 'o]2 0 , (4-20)
O '

J

The transformation from REN to Plumbline coordinates, in equation (4-16),

. PI. \
was found to be [A 7] [p.]3 [00]2. Then

R (4-21)

Ro = (4711 [4y [e0], (A 0y (5= v, 1, |0 (4-22)

4-12



NORTHROP

HUNTSVILLE

TR-716

44  GLOSSARY OF TERMS

SYMBOL

API

‘AZo]l

j7e]
e

o

el i
=

x
O

DEFINITION

Coordinate transformation matrix from the Inertial
Equatorial Frame to the Plumbline Frame

Launch azimuth

Coordinate transformation matrix which represents a

right-hand rotation about the XP axis through an angle

(-AZL)
Restart azimuth

Coordinate transformation matrix which represents a
right-hand rotation about the R axis through an angle

AZo

Scalar distance of the vehicle's CG from the earth’'s
geometric center at launch

Vector displacement of the vehicle's CG from the
earth's geometric center at launch

Vector velocity of the vehicle's CG at launch

Scalar distance of the vehicle's CG from the earth's
geometric center at restart

Vector displacement of the vehicle's CG from the
earth's geometric center at restart

Vector velocity of the vehicle's CG at restart
Time (positive) between guidance reference release
and launch

Time (positive) between launch and restart
Scalar velocity of the vehicle's CG at restart

Flight path angle (angle of ﬁo with respect to local
horizontal) at restart

Coordinate transformation matrix, which represents
a right-hand rotation about the J axis through an

angle (% - VO)

Launch longitude

Coordinate transformation matrix representing
a right-hand rotation about the 21 axis through an

angle L

UNIT
unitless

rad

unitless

rad

unitless

n

m/sec

n/sec

sec

sec
m/sec

rac

unitless

rad

unitless
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SYMBOL

DEFINITION

Restart longitude

Intermediate parameter, defined in equation (4-14)

Coordinate transformation matrix representing a right-
hand rotation about the zI axis through an angle A

Launch geodetic latitude

Coordinate transformation matrix representing a right-
hand rotation about an intermediate Y axis through
an angle (-¢ )

Launch geocentric latitude

Coordinate transformation matrix representing a right-
hand rotation about the E axis through an angle

(@i - ¢L)

Restart geocentric latitude

Coordinate transformation matrix representing a right-
hand rotation about the E axis through an angle ¢é

Scalar rotational rate of the earth

Vector angular velocity of the earth

4-14

rad

unitless

rad

unitless

rad

unitless

rad

unitless

rad/sec

rad/sec
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Section V
GRAVITATION

5.1 GENERAL

The gravitational acceleration acting on the vehicle may be found through
use of the gravitv potential equation, that is, the gravitational acceleration
of a body at a certain point in the earth's gravitational potential field is

equai to the field's gradient at that point.

5.2 DERIVATION OF EQUATIONS
In this simulation the Fischer oblate model of the earth is being used.
The oblate potential of the earth is assumed to contain the first, second,

third, and fourth spherical harmonics (i.e., pear-shaped earth):

2 ) 3
a - a ’
U=t(1+222 123 sin? o) + & -2 (3-5 sin® ¢') sin ¢
R 3 2 5 3
R R
4
D e 2. A
+ 2 _€ (3,30 sin &' + 35 sin” ¢') (5-1)
35 L

where u 1s the gravitational coefficient of the earth and a, is the earth's

semi-major axis (equatorial radius).

The position vector of the vehicle's CG expressed in Plumbline coordinates,

=Fr . . )
R, is directed from the earth's center of mass. To obtain ¢', the geocentric

latitude, the position vector expressed in Inertial Equatorial coordinates

must be obtained. Subsection 4.3 provides the necessary transformation, API:
-1 _
RT = (aP)T /P (5-2)
As in subsection 3.2,
I - -
7 RZ Azg . RP
R S S (5-3)
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To obtain the gravitational acceleration, 7U is formed:

‘ . -
AV LA L (5-4)
Ju su ou
1 72 3
, p P P , R
wnere u, = RX’ u, = RY’ us = RZ' Each of the above partials is of the form:
a2 u
u
) i - . 2 i ’ I
%g— = - ;z.ﬁl -3 37 —% [(1-5 sin” &") El + 2 sin ¢! A?B]
j R™ R R J
a3 u
. L) .
S B2 2 (-7 sta’ o) sin o’ Td 4 (- 2+ 3 sin’ o) AT
R® R R 5 i3
34 u
i {[-3- - (6-9 sin® ¢") sin® o'] 2L
R™ R
+ (%g - 4 sin2 ') sin ¢ A?i } (5-5)
]
where j = 1, 2, 3.

The above equation can be rearranged into a coefficient, Sl’ times Uj minus

a coefficient, S,, times Agg where

2
S. = - = {1+ 7 (% (1-5 sin? ¢"') + H (=2)° (3-7 sin’ ¢") sin ¢!
1 o3 R R
! 2 2
+ D (ﬁ—) [7 - (6=9 sin” ¢') sin” ¢'] (5-6)
a a
- €2 L g 8y 32 2
5, = 2 (23 (z7)7 sin ¢ H (R ) (5 3 sin” ")
8e 4 12 2
+ D (§f) (7— - 4 sin” ¢') sin ¢') (5-7)

Since U is given in the form of equation (5-1) it follows from the

definition of a potential field that the gravitational acceleration in
. : <P
Plumkline coordinates, AG, is

L = U (5-8)

5-2
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Substituting equations (5-~6),

(5-5),

TR-716

this can be condensed to
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SYMBOL
a
e
) Acx
3 =1 Aey
Acz
JPT
 opr ]
A13
PI PI
Ax3 T | 823
PI
%33 ]
J,H,D
R

=P =P =PI
AG = Sl R - 52 A’3
DEFINITION

Semi-major axis of the earth

Gravitational acceleration vector

Transformation matrix (3x3) from Inertial
Equatorial to Plumbline coordinates

Third column of API

Harmonic coefficients in the Fischer model of
the earth

Scalar distance from earth geometric center to
vehicle CG

Position vector of the vehicle CG

Intermediate parameter used in computing AG

Intermediate parameter used in computing A

Alternate, indexed form of the position vector
of the vehicle's CG, resolved in Plumbline

coordinates

Gravity potential field of the earth

5-3

(5-7), and (5-8) into equations (5-4) and

(5-9)

UNIT

m/sec2

unitless

unitless

unitless

l/sec

m/sec

mz/sec2
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<

DEFINITION
Earth's gravitational coefficient

Geocentric latitude of the vehicle CG

TR-716
UNIT
m3/sec2
rad
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Section VI
PROPELLANT SLOSH EQUATIONS

6.1 GENERAL

This section outlines the derivation of the equations that calculate

the forces and moments of a contained liquid propellant when subjected to a

periodic motion about its nominal flight trajectory.

The Lagrange formulation is used in the derivation of the forces and
moments associated with a dynamically equivalent mechanical model composed

of an assemblage of springs, dashpots, and masses.

6.2  ASSUMPTIONS

This subsection lists the assumptions and limitations made during the
derivation of the equations. Both assumptions of the mechanical model and
assumptions of the equations are given. The first part is related to the

mechanical model assumptions.

The implicit assumption is made that there exists a mechanical model that
yields forces and moments equivalent to those produced by a fluid in a container.
This implies that the fluid in the tank is incompressible, it behaves as an

irrotational liquid, and that the container has no sources or sinks.

The tank containing the sloshing fluid is subjected to a 6-D of freedom
motion but it is implied that the forces can be dynamically simulated by 3
sets of harmonic oscillators, one in each tank direction, and that the

coupling of the sloshing effects in one tank axis to any other is negligible.

Furthermore, one additional restriction is imposed on the model; the
free surface of the quiescent liquid in the tank need not be perpendicular
to the principal axis of the tank as seen in Figure 6-1. Thus, the axis

of major constant acceleration may not be parallel to the major tank axis.
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Wich due consideration to the above-mentioned assumptions, the equations
of motion can be developed considering only the fundamental mode for each
tank direction. Higher modes are neglected since their effects have less

significance in the slosh-control-bending interaction.

As a matter of convenience, the equations developed in the next subsection
are made for onme tank only. Proper indexing makes the extension of this

formulation to any number of tanks quite simple.

As a matter of information, the assumptions related to the mathematical
model used in the derivation of the equations are presented below as follows:
® The bending data (refer to subsection 2.2) used in the formulation

is to be generated with a mass profile that contains all the
liquid propellant of the vehicle.

e The attachment point of the mechanical model for both lateral tank
directions is assumed to be the same (located at centerline of tank).
The attachment point of the longitudinal model is located at the base
of the tank. This point is also the origin of each tank coordinate
axis.,

® The effects of vehicle excitation about the 3 axes (3 displacements
and 3 rotations) are included in the formulation.

e The effects of cross coupling due to slosh are not considered (an
uncoupled model is used for each tank axis).

e The effects of torsional or roll slosh are not considered.

6.3 DEVELOPMENT OF EQUATIONS

The equations of motion are derived using the Lagrange equations for a

typical jth tank.

The kinetic, potential, and dissipative energies for the fundamental mode
of the dynamically similar mechanical model are computed first. Substitution
of these energy expressions in the Lagrange equations yields the system

equations of motion.

The energy of the system is a function of velocity and displacement of
the mass of the system. In order to generalize the derivation, it is possible

to express this quantity as a product of two quantities, one dependent on
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¥

time and the other dependent on the pcometry of the system. If the matrix [C]

is DEFINED to be the geometry-dependont component of the velocity vector A,

ol the slosh center of mass, and the rime varying component, O has the form:
= S L L M (O SR . . .
0= Vo VY Ly W Ny M eew T Ao AL A ] o-1
‘ I A n "Lj 'Yj ozi! (o=b)

then the vector, Zj is defined to be

y = [C]j Qj (6-2)

=g B

where tne subscript j associates this vector with the jth tank. The vector

i is a 3xl1 column where the first element is the displacement rate of the:
longitudinal slosh mass usually attached to the bottom of the tank; the other
two components are the displacement rates of the lateral slosh masses in the Y
and Z tank directions. It is observed that the vector & is given in the tank

coordinate system. The orientation of this system is related to the main

vehicle axis as follows:

BODY = [r]j TANKJ, (6-3)

Referring to equation (6-1), it can be seen that matrix [C]j, as outlined
in detail in Figure 6-2, is a constant with respect to time and is uniquely

computed for each tank as a function of tank topology.

6.3.1 Kinetic Energy
, .th . . .
The kinetic energy for the Jt tanx is a quadratic of the generalized
svstem velocities and is of the form:
12T =z
T ==, [m]:A, 6-4
o2 33 (6-4)

where the matrix [m] is as follows:

and the vector Zj has the form

* See subsection £.4

6=4
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[4] XI¥1¥W 40 NOILINI43Q ~"p-9 d4nbiry4 [3] XI41wW 40 NOILINI43Q "€-9 84nbiy
025. 025, 1, 0. fs, 4
Z
fas, fas, Oy .:wa Sy
0x1, fx1, © f1s,, ¢
X1, X3, Yy : R
0 0
0 0
(4] 0 2 (¥ o
0 0
0 0
0 0
¢ 0
- ] L .
[2] XI¥l¥W 40 NOILINI43Q "2-9 d4nbiy
H_l 0 0 “ gfee, H.RW: 2, fee HQN.: A, feg ASE Xty . “ SELOAS, e xsyy (fee sy L fe 7Sy, (fez, 75y o TEE, ASy, " (ee, fez, _.:;J.
i u _
|
e “ o 1 o " MQT Anms 1y, fe, A.JE At fer Aas L ” __ A:_. AS, . fez, LE AQP xs, . fe, Sy) ACN 25, - fee, ASyy " feg, r2z, 2.
u I
! ~ ) ) _ \
_J R (R Ty 2, Ty (B e T Iy ey . | R I N L A AL A A R A R L W ! fie, e, 1y
u
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Aj = It [[C]j Qj-]= [C]j QJ (6-0)

T L
[C]j (m] [C]j Qj (6-7)

6.3.2 Potential Energy
The potential energy for the jth tank is a quadratic of the generalized

system displacements, and is of the form:

-T -
Aj [K]j Aj (6-8)

ro =

V., =
]

%
where the matrix [K]j is DEFINED to be of the form as shown in Figure 6-3,

and 2 is the time-integral of the expression shown in equation (6-2). It

should be remembered that the ) terms have been defined as relative motion

from the deflected tank elastic axis.

Substitution of equation (6-2) in equation (6-8) yields the potential

energy as a function of the generalized system displacements:

! T -
v, =3 Q eIy (Kl (€l 0, (6-9)

6.3.3 Dissipative Energy
The dissipative energy of the system is a quadratic of the generalized

svstem velocities.

1 = 2
D, =3 2 [F), 3 (6-10)

where the matrix [F], is DEFINED to be of the form as shown ir Figure 6-4.

Substitution of equation (6-2) in equation (6-10) yields the dissipative energy

as a function of the generalized system velocities:

2T T =
Qj [C}j [F]j [c]j Qj (6-11)

D_:
J

[T

¥ See subgectiicn 6.4
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634 Equations of Motion

The Lagrange equations state that:

d_ 3V, 3T |, 3D

ALy 2 3 32
dt -12
aq2 5q, = 3q, 3 (6-12)

where aT/8q1= 0 since the system kinetic energy is a quadratic in the generalized
velocities only. Substitution of (6-7), (6-9), and (6-11) into (6-12) for a

general term a; ,and using the symmetrical properties of the equations, yields:

d 2 3Q (T, T =
== j cl. Q.|+ (== "[c]; [K], [C], Q,
- [:°qz 3 [e1l (el Q;] o) () (K1 101
F], [C]. ;. =0 6-1
. @87 ey [F) (el (6-13)
9q, "]
where q, takes the names of XLj’ ij’ and ij for the slosh motion along

the X, Y, and Z tank directions. Substitution of these variables in

equation (6-13) and expansion yields for q, = ij’

msj [XLj + 2 mSLj ;SLj iLj + mzlj ij + ij] =0 (6-14)
for qi = AYj

mg. Dy * 2 ugy; Zsyy bys * vayg byy T Q) = 0 (6-15)
for q, = XZj

msj [ij + 2 Y373 cSZj iZj + wgzj AZj + sz] =0 (6-16)

where the terms QX,, QYj, and QZj are the acceleration terms of the attachment
points of the springs of the model in the X, Y, and Z tank directious. These

terms are of the form:

n
o B B i B © -
Wy =71y A P72y Aty Azt iil[ ix®ui? T11y t %ay ®ey) T2y
- . B _B B _B
+ Tnqs - T
32 Rpgd 73150 g +ay Riz5 = %z Bryi)711;
B _B B _B B B .B _B
M RLXj ' RLZj) 1213 + loy Rpyy = wy RLXj) 1313 (6-17)

6-7
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n
B J— —
Y = - - \ ] S
Q 12 8 Y ooy Ay T Tagy A2 T ii1[¢1X (Rgy) tqoy * 23y (Rgy) oy
- ‘B _B ‘B _B -B B B _B
+ - T ; - -
* 055 (Rg) Tapgl g ¥ (oy Repy = wp Reyy) Tipg ¥ (g Reyy = vy Rezy) T22;
-B _B B _B
n
- ) B . B 5 N
QZ, = 7y35 A o3y Ay a3y Azt L (¢ix Rgy) T35 70
, ‘B _B ‘B _8 -B
A - -+ 1 -—
t e Rey) Taggl g ¥ (g Rgpy m g Rgyy) Tygy t (W R
B .3 B _B
+ (og Rgyy ~ Wy Royy) Ta3;
where
i=1n
n = number of bending modes.

The total accelerations experienced by the slosh masses are:

X direction:

XLj = -QX; - 2ugps tgp; iLj - w:Lj "L (6-20)
Y direction:

by = R - Zagyy gy By sy Ty (6-21)
Z direction:

Yg5 = "y - Zuggy bgpy dgg “ézj ‘23 (6-22)

6.3.5 Forces and Moments

6.3.5.1 TForces and Moments Exciting Vehicle Bendidg. The forces on the

vehicle that are due to the lateral slosh motion acting at the attachment

peint location are:

6-8
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Fsx; B o ]
=B F. .{=-m  [1]. X .+ QY, 6-23
st = Syj SJ[ ]J Yj Q h| ( )
F . ..+ Qz
L S23 L 2] Q i

and those forces resulting from the longitudinal slosh motion acting at the
bottom of each tank are
_F -
LXj Ao, + QX
3 Lyt
-B _
FLj = FLYJ —ij[;]j 0 (6-24)
0
Frz;
The vector forces fgj and fij excite bending with point of application

at the respective attachment points. In addition to these excitationms,

bending is also excited by moments that result when the inertia forces act

on the offset produced by the sloshing motion. These moments also act through

axes passing through the corresponding attachment points and are of the form

presented below.

Moments due to lateral sloshing:

8 1 [ ]
] [0
=B B B
M= | sy sy A (329 Mys * Tazg tzy) (6-25)
B B
- +
M523 ms A ooy vyt T23y Mgy ]
Moments due to longitudinal sloshing:
- B B
Mx; my (A a1y Ay T Az Tary Mg
B | 3 B
Mﬁj Mvy My Az T11y Py (6-26)
B _ B \
HMLZj_ __mLJ AY ‘113 "Lj
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6.3.5.2 TForces and Moments Exciting Vehicle Rigid Body Motion. The forces

that excite vehicle translational acceleration are those resulting when the

=B =B :
vector forces F and F are transferred to the vehicle CM. The resultant’

of these vectorzjfor ea?g tank is given below.
P"}ijj_W —FSXj * Fin—
;gj B “ng - Fng * FEYj (6-27)
| Vszj LF§Zj * FiZjd

In a similar form,the moments that excite vehicle rotational acceleration are
, =B =B

those resulting when the vector forces st and FLj are transferred to the

vehicle CM and the vector moments that result from the inertia forces acting

on the slosh offsets. These moments, given in vector form, are:

-B -3 =B ~B =B -B =B
WL, =M., + .+ R.. xF.. +R,. x F, . (6~-28)
53 53 j 5] Sj Lj Lj

and in component form:

p— —

B [ B B B B B B B B B B
i - + - i A
"SX3 (RSYj SZ] sz3 Tsvy T Ruyy Frog = Frzg Fryy * Mgy * wSXj)
-3 1 B _ B B B B B B B B
“s3 = | svy| T | ®szy Fsxy T Rexj Tszy * Msvs T Ruzg Fixg T Rixy Frzy t Miys) |
J 3 {
B B B B B B B B B B ]
R F - + - + M)
¥s23 ( SXj ~XYj RSYj FSXj Mng + RLXj FLYj RLYj FLXj zJ)J
e - l—
(6-29)

- ~B .
where the vectors jo and RLj are the position vectors that locate the attach-

ment points of the lateral and longitudinal slosh masses, respectively.

The total force and moment due to NS tanks is the sum of the forces and

moments produced by each tank.

6-10
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N
=B \-h 3
|-S = /ﬁl \AS.i (()— ;())
L I
and
o
M, = e (6-31)
S j=1 Sj

6.4 TRANSFORMATION MATRICES
This section outlines the derivation of the transformation matrices
utilized during the derivation. Explicitly the transformations appearing

in expressions (6-2), (6-3), (6-8), and (6~10) are considered.

64.1 The [C]i Matrix

If the velocity of the center of mass of the sloshing mass is defined

to be of the form shown in equation (6-2) and transcribed here as follows,
4. = [cl, Q, (6-32)

it can be seen that the vector Qj is the generalized velocity vector of the
svstem, and that the matrix [C]j is the space or geometry-dependent component

of the velocity vector L.

By referring to Figure 6-5, it can be seen that for the case when the
tank coordinate system is parallel to the vehicle coordinate system, the
velocity of the center of mass of the lateral slosh mass in the vehicle (or

tank) Z direction, is (for the planar case):

n
: B B _ . .
bgp = (V7 = Rgy wy + izl b1z (Rgy) my) + Hggy (6-33)

The terms in parentheses are the velocity of the attachment point.

It can be shown that for a six-dimensional case, when the vehicle is

translating in a three-demensional space and rotating simultaneously about

6-11
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Figure 6-5. Z-VELOCITY COMPONENT OF THE 3" SLoSH masS
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.three axes, equation (6-33) can be generaliéed as follows:

(st) ni) + ASZj (6-34)

For the general case where the tank coordinate system is nonaligned to

the vehicle coordinate system, the coordinate transformation

BODY = [T]j TANK (6-33)

may be used in equation (6-34) to render the general form

. ..B _.B - - e .
Ao = T T + + + ) -
zr = [P35 a3y Taggl [Vt e ¥ Rgy o Re) rl 4 hgy, (6-36)
— - /
‘z
where ) is the 3rd column of the transformation [7]. in (6-35), VB is the
" vector of velocities whose components are VX’ Vg, and Vg, and IB is the

o . : B
vector of angular velocities with components Wes Wys and Wy e

Expansion of equation (6-36) yields:

B B

B B B
335 V2 T (Rgyy Taz; = Rgzy Taay) o

; B
AZT = 7133 VX + "233 VY + T

B . B B B B . B
* (Rgzy T135 ~ Roxy 73350 9y T Rgyy Ta3y ~ Rgyy T3yl (6-37)

[3.,(R..) 13 + ¢.,(R..) 233 + 9., (st) 733j] ny t ASZj

* iX 585 iy s

P03

Tiis expression can be rewritten as follows:

- T . . B B
77 T ['131 "2337 333 (RSYj 333 RSZj ‘23j)

B B B
R sxj '233 ~ RSYj TlBj)

Rszy T135 ~ Rexj "335) @

(6-38)

s3) T235 T 112QRg;) Ta35] T 11Q

6-13
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where 0 is defined as follows (the transpose is shown here)

”i n2 - nn ASZj] (6-39)

=

=T L B B
Q= Y VZ Wy Wy

=
=

w,

-
<
&N

Expression (6-39) augmented to accommodate the slosh motion about the other
two axes is shown in Figure 6-2. The expression (6-38) is the 3rd row of

the matrix (C]j as shown in Figure 6-2,

The other two rows can be easily obtained by paralleling the development

of expression (6-38).

6.4.2 The [T]j Matrix
The [']j matrix is an orthogonal transformation that is used to
transform vectors given in the Body coordinate system to vectors in the tank

systems. This transformation is a parametric input and no derivation is

required.

6.4.3 The [K] i Matrix

The matrix [K]j is a quadratic in the generalized displacement vector
4,. The exact nature of this matrix is of no interest at this time, only
the terms associated with the sloshing degrees of freedom are given so that

by definition the remaining terms are assumed to be zero.

The matrix [K]j is unique for each tank and is of the same order as

the generalized vector Q. The form of this matrix is shown in Figure 6-3.

64.4 The [F]j Matrix

The matrix [F]j is a quadratic in the generalized velocities. The
same notes made for matrix [K]j apply to this matrix. The form of the [F]j

matrix is shown in Figure 6-4.

6-14
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65 GLOSSARY OF TERMS

SYMBOL ' DEFINTITION | UNIT
KB Vector of vehicle rigid body acceleration - m/sec
?E. The jth tank slosh force vector (longitudinal propellant N
] slosh)
§gj The jth slosh force vector (lateral propellant slosh) N
?E Total slosh vector at vehicle CM N
ﬁ?, Vector moment of the j':h tank longitudinal slosh mass,
=] exciting bending at location RLj N-m
ij Longitudinal slcsh mass for the jth tank Kg
ﬁg Total slosh moment vector about vehicle CM N-m
ﬁg, Vector moment of the jth tank_lateral slosh mass, N-m
] exciting bending at location RS‘
mSj Lateral slosh mass for the jth tank Kg
NS Number of tanks in vehicle unitless
n Number of bending modes unitless
9
QX, Acceleration of the jth tank longitudinal slosh mass m/sec”
attachment point in the X, direction
QY Acceleration of the jth tank lateral slosh mass m/sec

attachment point in the Y§ direction

2
QZ. Acceleration of the jth tank lateral slosh mass attach- m/sec
J ment point in the Z§ direction
= B s th . . -
RL, Position vector of the j longitudinal slosh mass m
J attachment point (lower bulkhead)
ﬁg, Position vector of the jtn tank lateral slosh-mass m
J attachment point
:SY Funcdamental damping coefficient (yaw plane slosh mass- unitless
spring model)
gy Fundamental damping coefficient (pitch plane slosh mass- unitless
' spring model)
o Fundamental damping coefficient (longitudinal axis mass- unitless
spring model)
3 Generalized acceleration due to bending m/sec

6-~15
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SYMBOL DEFINITION UNIT
EY' Displacement of jth lateral slosh mass msj in the m
]

XT - Y? tack place, dispiacement direction parallel

to the Y} - axis
AZj Displacement of the jth lateral slosh mass mSj in the m

X§ - ZT tank plane, displacement direction parallel to

the Z§ - axis

\Lj Displacement of the jth longitudinal slosh mass ij m
directed along the X§ - axis
:Yj Linear velocity of the jth lateral slosh mass mSj m/sec

in the X§ - Y? tank plane, velocity direction parallel

to the Y§ - axis

ij Linear velocity of the jth lateral slosh mass in the m/sec

X? - Z? tank plane, velocity direction parallel to the Z§

- axis

:L' Linear velocity of the jth longitudinal slosh mass m “m/sec
] . . T . ]

directed along the Xj - axis

\Yj Linear acceleration of the jth lateral slosh mass mSj m/sec2
in the X§ - Y? tank plane, acceleration direction parallel

to the Y§ - axis
" h
X Linear acceleration of the jt4 lateral slosh mass mSj in m/sec

Zj
the X? ~ z? tank plane, acceleration direction parallel to
]

the Z? - axis
. J
A, Linear acceleration of the jth longitudinal slosh mass m/sec

T
, directed along the X, - axis
"Lj 8 i

h .
L e Vector of total moments of the jt tank, exciting rigid N-m
body vehicle rotation, resolved in Body coordinates

h ) -
o Vector of total forces of the jt tank, exciting rigid N
] body vehicle translation, resolved in Body coordinates

6-16



NORTHROP

TR-716

HUNTSVILLE

SYMBOL

slosh mass-spring model)

Fundamental
mass-spring

DEFINITTON M
'lz(i‘(L ) Matrix tranipore of modal displacenent coeffiiient w7
J matrix at tae lower bulkhead ot the j_ﬂ « zerined univie=ss
. by the pesition vector li
2 (R ) ) =1, N_ where N_ is the zotal number of RS
nZ ij consicered in"slosh
:lZ(RS ) Matrix transpose cf modal displacement coefi_clent n/;
) matrix at tie jtf slosh mass locaticn define: oy unitless
. position vector X
. S
. 3
tnz(Rg ) = 1N
3
; , . th .
Transformation matrix to resolve j tank-referenced unitless
vectors into body-referenced vectors
Fundamental slosh modal frequency (longitudinal axis rad/sec
slosh modal frequency (yaw plane slosh rad/sec
model)
slosh modal frequency (pitch plane slosh rad/sec

Fundamental
mass-spring

model)

6-17
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Section VII
RIGID BODY ROTATIONAL EQUATIONS

7.1  GENERAL
The equations of angular motion of a rigid vehicle about its center-of-

gravity (CG) may be derived through the use of angular momentum conservation.
The angular motion of the vehicle with respect to the earth, or inertial space,
is described by Euler angles which relate this inertial frame, the Plumbline

Frame, to the Body Frame.

The derivation of the equations of angular motion of a rigid vehicle and
the development of the required coordinate transformation is outlined in the
following subsections. Those equations that are boxed in by stfaight lines
are presented in the Simulation Diagram of the Rigid Body Rotational Dynamics

Module of a companion report (ref. L).

7.2 DERIVATION OF EQUATIONS

Conservation of angular momentum states that the time rate of change of
the vehicle's angular momentum about its CG is equal to the sum of the internal
and external disturbance moments about the CG. The angular momentum time

derivative, written in the P-frame* (Plumbline coordinates), is thus
T (7-1)

The vehicle angular momentum in the B-frame* (Body coordinates) can be

written as

B_1 3B (7-2)

jos]]
1]

where I is the vehicle's generalized inertia tensor about its CG, referenced

*
to the Bodv axes. Utilizing APB , in the P-frame equation (7-2) becomes
B = APB §B - APB [ B (7-3)

x

See subsection 7.E&, Coordinate Transformaticns.

7-1
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Equation (7-1) then becomes

BDo= APB p B 4 APB p 2B 4 AFB SR 7 A%B P (7-4)

and since
AP = aFP (7-5)

then

P _ ,PE -B _ -B

H O S B RS St N S v

L M (7-6)
It is assumec that I changes slowly enough to neglect the I term. Then
equation (7-6) becomes

DR PR IS S (7-7)

An explicit solution of the rigid vehicle angular acceleration about its CGC

can be determined from equation (7-7) as

Bt oL (7-8)

Considering the disturbance moments ﬁi (aerodynamics), ﬁg (engine inertia),

ﬁg (propellant slosh), and ﬂ? (engine thrust), one can write

: Bort @B w

N r + M. - w I w) (7-9)

B =B ~-B -B
S T

Equation (7-9) provides an algebraic solution for the rigid vehicle angular
acceleration about its CG. Angular velocity may be determined by the

integration

B o ZBar + 3By (7-10)
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7.3 COORDINATE TRANSFORMATIONS
Since it is necessary to describe the angular motion of the vehicle with

respect to the earth, a coordinate transformation of body angular rates

(5

X ;5, w?) to Euler rates (¢, é, ¥) is needed.

7.3.1 Plumbline to Body (P—to—B)
The P-frame (Plumbline) having coordinate axes XP, YP, Z?, is shown in
Figure 7-1 (Detail A). A right-hand rotation about the YP-axis (Figure 7-1,

Detail B) through an angle © can be represented by the transformation

X' cos & 0 =-sin O Xp XP
v|l=1 0o 1 0 v - (el P (7-11)
z' sin = O cos € ZP ZP

Note that é is on the Y' axis (Figure 7-1, Detail B).

A similar right-hand rotation about the Z'-axis (Figure 7-1, Detail C) througt

an angle Y can be represented by the transformation

X" cos ¥ sin ¥ O X' X'
vl = l-sin ¥ cos ¥ O Y'| = [‘i’]3 Y! (7-12)
L z" 0 o 1] Lz 2!

Note that ¥ is on the 2" axis (Figure 7-1, Detail C).

A final right-hand rotation about the X'"-axis (Figure 7-1, Detail D) through

an angle ¢ can be represented by the transformation

Fx®] 0 0 X" X"

|
YB =| 0 cos ¢ sin ¢ Y'" | = [¢]l Y (7-13)
281 0 -sin ¢ cos ¢ z" "

Note that + is on the XB axis (Figure 7-1, Detail D).

7-3
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4 ! ~ -
" X cos 0 sin j rxp \ :r'xp
N I A o\jp - [, v
7} Linn o cos ZPJ 2’
DETAIL A
P
P-FRAME
X" cos v sin ¢ 01[—)(' Mx
a Y| = {-smr cos v+ 0 Y“\ =[‘~‘]3 y ‘
2" c o \,Z'J LZ'J
M
P el Ly [y
)
xﬂ [1 o o Tx” )
LA LO cos & sin ¢ \Y” = (+], {IJ
ZBJ D -sint cOS oJ 7" 2
. A
] P A 5 N G P L B
. ’ ol
DETAIL E
B
B-FRAME
Figure 7-1. PLUMBLINE » BODY AND BODY > PLUMBLINE TRANSFORMATIONS
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The three successive rotations of equations (7-11), (7-12), and (7-13) provide

_P'
a transformation matrix that relates a vector a in the P-frame to the vector

EB in the B-frame as follows:
2P = aPP S (7-14)

7.3.2 Euler Rates to Body Rates
Refer to Figure 7-1 and observe that the Euler rate vectors ¢, ¥, and &%
B
are directed along the X, Z", and Y'-axes, respectively. Body rates may be

written in terms of Euler rates as follows:

ui $ 0 0
B |_ . ~
2= EIJ o |+l |0 + s, 141, | (7-15)
B .
. Y
_fzd 0 ¢ 0
where
P“ 1 0 ol ¢ 1
rl] 0 = 0 1 0O 0 = 0 ¢ (7-16)
0 0 0 1 0 0
0 1 0 0 0 0
[@]l' 0 = 0 cos ¥ sin ¢ 0| = sin ¢ y (7-17)
¥ 0 -sin ¢ cos 9% Y cos ¢
0 1 0 0 cos ¥ siny O} 0}
[ir]l ['~P]3 é = 0 cos ¢ sin ¢ -sin ¥ cos ¥ O 2 (7-18)
0 0 -sin ¢ cos ¢ 0 0 1 0

. . . )
It should be noted that %, Y, and € are not ortnogonal vectors.
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r~cos 7 sin ¥ 0 o
= [-sin ¥ cos ¢ cos ¥ cos ¢ sin 4| | ¢ (7-19)
!
| :
( sin ¥ sin ¢ -cos Y sin ¢ cos ¢ O
sin ¢
= cos ¢ cos ¥ o (7-20)
-cos ¥ sin ¢

Equations (7-16), (7-17), and (7-20) are combined to form the Euler rate-

to~Body rate transformation

FIEE
w,? = 0]
m? 0
-

7.3.3 Body Rates to Euler Rates

The Body rate-to-Euler rate

[
L2

sin ¥

-

cos Y cos ¢ sin ¢ S (7-21)

s

-cos Y sin ¢ cos ¢

transformation can be determined by writing

the inverse relation to equation (7-21) as follows:

: . L L B
¢ cos Y =sin Y cos ¢ sin ¥ sin ¢ mX
1 . B
= - o] cos ¢ -sin ¢ % (7-22)
cos ¢ Y
. L . B :
Y 0 cos ¥ sin ¢ cos ¥ cos ¢ Ly

Fuler angles are determined by integrating equation (7-22) as follows:
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t
¢ = ¢ dt + ¢(0)
0
t
c= | 9dt+ 00 (7-23)
0
’t
¥ o= |y de + ¥(0)
!
0
7.4 GLOSSARY OF TERMS
SYMBOL DEFINITION UNIT
a Any arbitrary vector (See equation (7-14)) arbitrary
ABP : . Coordinate transformation from Plumbline- unitless
to—Body Frame
PB . . .
A Coordinate transformation from Body—-to~- unitless

Plumbline Frame

2
H Vehicle's vector angular momentum Eﬁé%—
= = k -nz
H Time rate of change of H —
' sec”
I Vehicle's generalized inertia tensor kg-m
about its CG, referenced to Body axes
: k —n2
1 Time rate of change of I -Egé—
= k --m2
M Any disturbance moment acting on the =BT
vehicle CG sec
- k -m2
M Total aerodynamic moment acting on the R8-S
A . 2
vehicle CG : sec
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SYMBOL DEFINITION UNIT
- k 2
ME Total moment due to the engines' inertial -ECE%

force acting on the vehicle CG sec”
- k -m2
Ms Total slosh moment acting on the vehicle CG —jL—jz
sec
v kg-mz
MT Total engine thrust moment acting on the 5
vehicle CG sec
Euler rotation about the YP axis rad
Time rate of change of ¢ rad
sec
. . B .
- Euler rotation about the X~ axis rad
Time rate of change of ? rad
sec
+ Euler rotation about the Z' axis rad-
? Time rate of change of V¥ zad
sec
- . . , rad
- Vehicle's vector angular velocity sec
- ) . . rad
£ Vehicle's vector angular acceleration —
sec
. , . . rad
N Skew-symmetric w matrix: equivalent —_—
to the vector cross product operation sec
ll; x ( )H

7-8



NORTHROP - TR-716

HUNTSVILLE

Section VI
AERODYNAMICS

8.1 INTRODUCTION
Accurate determination of a boost vehicle response to winds and other

disturbances during atmospheric flight requires an aerodynamics method

which includes local angle-of-attack effects. Accurate response determination
including loads ensures the full utilization of the structural and control
capability of the boost vehicle. Finally, full use of vehicle capability

results in greater payloads and operational flexibility.

This section presents the development of equations needed to calculate
the aerodynamic forces and moments acting on a rigid (Aero Option 1) and a

flexible (Aero Option 2) vehicle during boost flight through the earth's

atmosphere.

8.2 RIGID BODY VEHICLE (AERO OPTION 1)

8.2.1 Velocity Vector

8.2.1.1 Wind Velocity Vector, Vg. Environmental winds acting on the vehicle

are represented by a wind velocity vector acting at the vehicle CG. Components

of the wind velocity vector resolved in Plumbline coordinates can be determinec

by
r— - r~- =
P
iax 0
T = |-V, sin (A -4, ) (8-1)
W - WY W w ZL
VP - V., cos (A - A_)
W2 W w ZL |
where
Vi, = f(h) Magnitude of wind velocity at vehicle CG. Table lookup.
A, = f(h) Wind direction angle measured from north at vehicle CG.

W
Table lookup.

Altitude of vehicle CG above surface of the earth

h
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Observe in equation (8-1) that the environmental winds are given only Y
and Z velocity components in the Plumbline coordinate system, This is
equivalent to specifying that winds are parallel to the earth's surface at

the launch site.

' =B
8.2.1.2 Relative Velocity Vector at Vehicle CG, V

R The relative velocity

vector (See Figure 8-1) at the Vehicle CG, resolved in Body coordinates, is

PB =
Ve = [T (U - V) (8-2)
where
D
[A‘B]T = Matrix transpose of the Plumbline-to-Body coordinate transformation
Gg = Vehicle velocity vector at the vehicle CG relative to the Earth's
surface, resolved in Plumbline (P-frame) coordinates
GP = Wind velocity vector resolved in Plumbline coordinates (from

equation (8-1)

8.2.2. Calculation of Total < and C

Reference to equation (8-2) and Figure 8-1 permits one to formulate total
¢ (angle-of-attack at vehicle CG) and o(angle measured from the vehicle
vaw plane to a plane that contains the relative velocity vector and the vehicle

B . -
X -axis) in terms of Body-resolved velocity components as follows:

B
-1 VRX

_B
vl
!

(8-3)

(8-4)

It
r
[}
3

If aircraft related angles of attack (¢') and sideslip (B') are desired,

then
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@' = tan = (8-5)

VB cos a'
8" = tan | R (8-6)

8.2.3 Mach Number and Dynamic Pressure

Mach number can be determined by

| oB
g

(8-7)

'Y

where a, the speed of sound at altitude hycan be determined by table lookup

as follows:

a = f(h) (8-8)

Dynamic pressure can be determined by

1 =B 2
q=730 |V! (8-9)

where o, the atmospheric density at altitude h, can be determined by table

lookup as follows:

e = £(h) (8-10)

8.24 Total Aero Coefficients

Changes (called aC's)in aero force and moment coefficients are assumed
to be linear with respect to control surface deflections (called 4's).
These changes are formulated as a truncated form of Taylor's formula for a

function of three variables, 5a’ 66, and 6r:

1€ = £(8,, §_, ) (8-11)

8-4
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where
6a = aileron deflection
6e = elevator deflection
Gr = rudder deflection,

The general form of aero force and moment coefficient equations for a rigid

body vehicle (Aero Option 1) is shown in equation (8-12).

4C
_
Y Y
o 3C aC aC
- X X X 8-12
cY cY+ aéa 5a+ 53, 5e+ 35, 6r ( )

where
y =X, Y, Z, L, my n
a = aileron ‘
e = elevator

r = rudder,

Replacing the partial derivatives in equation (8-12) by standard aero derivative

notation results in the somewhat simpler form shown in equation (8-13)

C=c3+€ 5 +C & +C & (8-13)

where the indices vy, a, e,and r were defined above.

8.2.4.1 Contro. Surfaces in Null or Reference Position. Aero force and

moment coefficients at the vehicle aero static reference point defined by

sosition vector RB (see Figure 8-2) for the case of all control surfaces in the

A
null (§'s=0) or reference (§'s = 5%'s) position are represented by the first

trerm of equation (8-13). This term would be determined from a 3-D table lookup

as follows:
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¢ = C? = £, w, o) (8-14)

or, in the case where angles-of-attack and sideslip are used,

C = c? = f(m, a', 8") (8-15)

A typical 3-D lookup table for CY= is shown in Figure 8-3.

Z

8.2.4.2 Control Surfaces Deflected. Aero force and moment coeficients,

equation (8-14), will change as control surfaces (aileron, elevator, rudder)
are deflected. It is assumed that these changes are linear with respect to
control surface deflections (called &'s), and that these changes can be
formulated as a truncated form of Taylor's formula for a function of three
variables da’ Se, and ér. These changes, called AC's, represented by the

latter part of equation (8-13), are

4C = C § +¢C § + C $ (8-16)

The approach that would be used for updating total aero coefficients,

using equations (8-14) and (8-16), is shown in Figure 8-4.

8.25 Total Aero Forces and Moments

The total aero vector force and moment can be determined by

r 3 b r |
FAX CX
%i - FEY = qs|g (8-17)
B
F c
L AZ_ L Z_‘
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STICK FIXED, RUODER UNDEFLECTED
0 [0}
Cy = f(M, o, 0) Cy * & Gy
U T = £(M, a, o) ©+ 1
Y Y Y
0
0 CV o} ~
- . 9= f(M 4, o) L Gzrely
© = £(M, «, 5) ¢+,
—_—— 6 o
Cm = f(M; A g ‘3) Cm A cm
0
Cg = f(M, a, 9) Cht ety
STICK DISPLACED, RUDDER DEFLECTED
s, = C &+ C i+ C R
S P T T R iC
a e r Y
2 Cy = CY» Ba v Cy gt CY, S
g a ‘e r
e Ll 170 satG tet G G
‘a e r
S Y A
a ‘e “p
A P CmA So ¥ Cm; S
a ‘e “r
Cn cns fa’t Cnr e’ CnA Ty
a e r
Figure 8-4. APPROACH USED FOR UPDATING TOTAL AERQ COEFFICIENTS USED

IN THE RIGID BODY AERO OPTION
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(B ] r.7 B B BB ]
M -
AX < Ray Faz 7 Raz Fay
3 B ~ BB BB
= | M = qC |+ - ‘
Ma AY at s C Raz Fax = Rax Taz (8-18)
B B B BB
{ -
Maz ] Cn_ _RAX Fay ~ Ray Tax

where
q = Dynamic pressure at vehicle CG
S = Reference area
C = Reference length
-]
RAX
=B B - .
RA = RAY Components of the position vector of the static aero reference
point, resolved in Body coordinates
B
i Raz

The method for calculating aerc forces and moments in the rigid body aero

option is shown in Figure 8-3.
8.3 FLEXIBLE BODY VEHICLE (AERO OPTION 2)

8.3.1 Velocity Vectors

, a =P . . : .
8.3.1.1 Wind Velocity Vector, Vw . Environmental winds acting on the vehicle
Bj
are represented by wind velocity vectors acting at various aero stations on the

fuselage, wing, horizontal stabilizer, and vertical stabilizer. Components of
these wind velocity vectors, resolved in Plumbline coordinates, are given in

equation (8-19).

- p W ~ _
?
\W,X_ 0
k3
oP P .
= 7 = -— - -
qu \N‘Y, Vw sin (Aw”. AZL) (8-19)
b] o] ] =]
P
Yuz, -V cos Ay =g
B L h| 8 _

8-10
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where

<3
1

W f(th) Magnitude of wind velocity at the jth aero station of the

8 ~ body

T
[ S

f(hS') Wind direction angle measured from north at jth aero
83 ) station of the f-body.

=g
[}

and hB" the altitude of jth aero station of the B~body above the surface of

the earth, can be determined by

h.,, =h+R cos ¢ + Ri sin ¢ (8-20)

h = Altitude of vehicle CG above surface of the Earth

RB s Ri 5 = X and Z components of the vector ﬁi
5773 8 j whered8=f, w, h, j. 3j

(See Figure B-6)

D) Pitch Euler angle,

8.3.1.2 Local Relative Velocity Vector, Vi
Bj

relative velocity vector at various aero stations, resolved in Body coordinates,

Components of the local

are determined by equation (8-21).

— -
B ] FVP P
AX EX W X
2] 5]
=B [ .B _ . ,PB.T P P _
Ve o= Vay = (A7) Vey = Yy, (8-21)
h) E J 3
B p P
Va z Vez = Yu.z,
L = 3] o JJ
where
PB,T , , . .
[A"7) = Matrix transpose of the Plumbline-to-Body coordinate transformation
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FVP
EX
P - Vi Components of the vehicle velocity vector at vehicle
E EY CG relative to the earth's surface, resolved in
p Plumbline coordinates.
VEZ_

8.3.1.3 Local Relative Vehicle Velocity Vector, Vg » With Bending. Components
h
of the local relative vehicle velocity vector with bending at various aero

stations, resolved into Body coordinates, are determined by equation (8-22).

— — r -
B B B B
VR.X Vax, Ty Ry, mup Ry
SN 373 873 B3
=B B B B B n - .
R TIVRY.| Tl Vay, Tz Rax TexRig toLoty R RS
B3 B3 B3 373 B ] i=1 Fj
B8 ' o (8-22)
" VRx Lo 95z By Oy )
i=1 B3
n
B B 3 B n - :
YR Z. Vaz, Tk Ry TRy v Lo, ®Rony
s ] g3 B3 B i=1 83
n
B - ]
7 \
tVpx L by Ry _) i
| i=1 33 —

where
B B B , .
iy Wy W = X,Y,Z components of the vehicle angular rate
R R R = X,Y,Z components of position vector R
AX.” TAY,” A Z. > A,
23 8] 2] 53
? " B
Coagy Ry ) ;i = velocity in the positive Y - direction due to bending
=] ‘Sj

8-14
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. A B . . .
velocity in the positive Z° ~ direction due to bending

W
i=1 ’ o]

2 - B

; ¢;Y (RA ) nl = rotation about the positive Y - axis due to bending
s - B

. 9:, (R, ) n, = rotation about the positive Z - axis due to bending.
- iZ A, i :
i=1 B
8.3.2 Calculation of Local a and ¢

Reference to equation (8-22) and Figure 8-6 permits one to formulate

h

the local o and ¢ at the jt aero station of the B-body as follows:

B
-1 R (8-23)

)
[
(2]
(o]
)]

- 213 (8-24)
K] v

[}
[ad
(V]
3

If aircraft related local angles of attack (Qéj) and sideslip (Béj) are desired,

then
B
. VR Z,
aéj = tan~ —Efl—l (8-25)
\Y
RgX,
1
» VRAY, cos aB.
3'. = tan | (8-26)
53 VB
R.X,
ko]
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8.33 Mach Number and Dynamic Pressure

Mach number can be determined by

M= SdL (8-27)

where a, the speed of sound at altitude h, can be determined by table lookup

described earlier in the rigid body option (see equation (8-8)).

Dynamic pressure can be determined by

(8~28)

where ¢, the atmospheric density at altitude h, can be determined by table

lookup described earlier in the rigid body option (see equation (8-10)).

8.34 Distributed Aero Coefficients
The general form of aero force and moment coefficient equation for a

flexible body (Aero Option 2) is shown in equation (8-29).

CBY B ng * CSy. 5a * CBy. 6e * CS\ ér (8-29)
] 1 5 1
a e r
where

vy = X,Y,Z,i,m,n

£ = f,w,h,v

f = L (left), R (right) fuselage

w =1 (left), R (right) wing

h =L (left), R (right) horizontal stabilizer

v = L (leftr), R (right) vertical stabilizer

a,e,r = aileron, elevator, rudder

=1, NAp

N,, = total number of aero stations selected on the B-body

8-16
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An example catamaran-type booster configuration showing typical aero stations
is shown in Figure 8-7 to aid the reader in understanding the indicial

notation of equation (8-29).

. 8.3.4,1 Contrecl Surfaces in Null or Reference Position. Aero force and moment

coefficients at the jth aero station of the B-body (see Figure 8-8) are
represented by the first term of equation (8-29). This term would be determined

from a 3-D table lookup as follows

s Oo4) (8-30)

or, in the case where angles-of-attack (aéj) and sideslip (Béj) are used

(o]
= C -
CBYj By, ) (8-31)

B.’ ')
J

'QV
837 "Bj

A typical 3-D lookup table for CBZ is shown in Figure 8-9.

]

8.3.4.2 Control Surfaces Deflected. Aero force and moment coefficients,

equation (8-30), will change as control surfaces (aileron, elevator, rudder)

are deflected. It is assumed that these changes are linear with respect to
control surface deflections called &'s, ancd that these changes can be formulated
as a truncated form of Taylor's formula for a function of three varables, 5a’
‘,» and & . These changes, called AC's represented by the latter part of

equation (8-29), are

, - 5 .
4C . c . E + C § +C ‘ S (8-32)

The approach that would be used for updating distributed aero coefficients

using equations (8~30) and (8-32) is shown in Figure 8-10.
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835 Distributed Aero Forces and Moments
The method for calculating aero forces and moments in the flexible

body aero option is shown in Figure 8-11,

r 1 1
" B
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: Aslj 8J exj ’
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:J i |
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8 8y e R
CE.X J i J -8
1 ! | Fag:
" e e sc, | o)
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Section IX
PROPULSION AND ENGINE DYNAMICS

9.1 INTRODUCTION

Advanced aerospace vehicles currently being considered for earth-orbit
shuttle tasks fall into two-stage boost, multiple-engined booster/
multiple-engined orbiter configuration categories. Further, for any
one given vehicle, the multiple engines may or may not be the same type
or size. To develop equations suitable for simulating the propulsion and
engine dynamics in a flight dynamics simulation of these vehicles during
boost-phase flight requires, among other things, a general formulation

applicable to various multi-engined configured vehicles.

This section presents the derivation of propulsion and engine dynamics
equations. The formulation, which makes extensive use of matrix and vector
algebra, includes 3-D elastic body vehicle effects, and is presented in a

form suitable for application to digital or hybrid simulations.
9.2 PROPULSION

9.2.1 Engine Thrust Profile

Generally, in vehicle flight dynamics simulations the magnitude of
thrust for one or all engines is furnished for input data purposes as a
thrust profile determined as a function of time. The magnitude of a basic
thrust profile for the jth engine as a function of flight time may be

approximated by the following equation

B B
F.. =F + (P - PA + K (fz - A ) + K (ié-— A )2 (9-1)
T3 TREFj REFj ATEX) 15 A, GREF 25 A, GREF
whiere
F = Refer e thrust of the yE0 engine
TREF . enc s i g
.th .
PREF = Reference pressure of the j engine
h|
PA = Ambient pressure at vehicle CG
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I
I’xit area of thle jtl engine

M T
]
AG = Magnitude of gravitational acceleration acting on the vehicle CG
B . . . "
Ax = Vehicle x-axis component of the acceleration vector A
AGREF = Reference gravity constant
Kl' = Linear adjustment constant of thrust due to acceleration for
J the jtb engine
Koj = Quadratic adjustment constant of thrust due to acceleration

for the jth engine.

The magnitude of the thrust of the jth engine can be expressed by a
product of the basic thrust profile F%_ and a function fj suitably formulated
to alter the basic thrust profile to simulate thrust variations and mal-

functions. For example, the form

[fj(t - tcoj)] (9-2)

may be used to simulate a decaying thrust profile as a function of time

from the jth engine cutoff time t Observe that the subscripted general

co.’
thrtust profile function in equationj(9—2) provides a capability to simulate
the thrust malfunctions such as single and multiple engines cutoff in a

specified sequence.

9.2.2 Body Resolved Thrust Components »
The engine thrust force FT- of the jth engine has body-resclved com-

ponents FTXj’ FTY,’ and FTZ, as sﬁown in Figure 9-1.

J J

9-2
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THRUST DIRECTIONS ARE REVERSED
TO SIMPLIFY PARALLELEPIPED
CONSTRUCTION. ALL OTHER
DIRECTIONAL TERMS ARE CORRECTLY

SHOWN .

Figure 9-1. ENGINE THRUST FT RESOLVED INTO BODY-FRAME COORDINATES
3 A

The engine gimbal angles in the pitch (P subscript) and yaw (Y subscript)

planes can be expressed in terms of thrust components as follows:

TZ, (9-3)

' 1 (9-4)

B
The thrust F. 1is

B8 /B .2, ,B .2, B .2
: ﬂ\jﬁp T gy )7 (P ) (9-5)

9-3
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B

Substituting FTY

B
and FTZ from equations (9-4) and (9-3) into equation (9-5),
3 3
and neglecting bending terms, yields the form

B _ B .2 B * 2 B * 2
FT, -A\/(FTX.) + (FTX, tan BY,) + (FTX tan BP ) (9-6)
h] h| h| 3 h| h|
which reduces to
B _ B 2 % 2 %
FT, = FTX.WU/I + tan BY, + tan SP, (9-7)
J J J J

9.2.2.1 Thrust Forces that Drive Vehicle Translation. Use of equations (9-3),

(9-4), and (9-7) and reference to Figure 9-1 are all that is necessary to deter-

mine the body-resolved thrust components. These components are as follows:

. 1
rFB 7
ij 1+t n2 B* + tan? e*
a Yj an P
=B _ B _| B * S, =
Fp = Fry | = FTX.[tan.QY. MR IPIC D LIP) (9-8)
i 3 j io1=1 3
n
B B *
Frz Py fram By + ] 41 (R In))
ST 3 el j
n _ n _
where the terms | ¢i2 (Rg )ni and ¢;Y (RE )ni represent the rotation
i=1 j i=1 3

(due to vehicle bending) at the engine attach point in the engine yaw and
pitch plane, respectively. Equation (9-8) provides both rigid body or flexible

body options since all that is needed is to delete or retain the rotational

terms due to bending.

Total vector force produced by NE engines is determined by summing the

individual forces of each engine as follows:

9-4
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F (9-9)

9.2.2.2 Thrust Forces that Drive Vehicle Bending. Equation (9-9) is satisfactory

for driving the trajectory equations but not the elastic body equations.
Engine thrust forces used to drive vehicle bending are essentially lateral
thrust forces at the engine attach point in the Y and Z directions; these

thrust forces, identified by a subscript (b), are determined as follows:

B 7 ~- -
FT(b)Xj 0
_B _ B B *
Freey, 7| Fromy, Fpg tam By (9-10)
B B *
FT(b)Z . —FTX, tan BP )
_ 3] 2 3 i

It should be noted that this force drives vehicle bending at the jth engine
attach point and that it is not summed over NE engines prior to going to

elastic body vehicle equations.

9.2.2.3 Thrust Vector Moments that Drive Rigid Body Rotation. The vector

force f? produces a moment about the vehicle CG as follows:
]

ﬁ? = [Ry - R + E(®; )] x ?? (9-11)
. . 5

] j j

where

R - R = Position vector of the jthvengine attach point with respect
to the vehicle CG

.

Nasl)

(§E ) = Vector displacement at the jth engine attach point produced
3 by vehicle bending.
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Total vector moment produced by NE engines is determined by summing the

individual moments of each engine as follows:

fio = ] ﬁ?' (9-12)

9.2.2.4 Thrust Vector Moments That Drive Vehicle Bending. The vector force

=B

F

T(b),
J

. th
does not produce a moment about the j engine attach point, therefore

-B :
M =0 (9-13)

The vector moment in equation (9-13) is zero because the vector force of equation
(9-10), for any arbitrary engine gimbal angle, will be directed through the

engine attach point.

9.3 ENGINE DYNAMICS
The equations of motion of the gimbaling engine* are derived using an

energy approach and the Lagrange equations. The system under consideration

is assumed to be uncoupled, i.e., the equations are derivable for each plane
of motion in a separate form; and the Lagrangian of the system is a quadratic
of the generalized velocities with no contribution from a potential function

associated with local or absolute deformations.

As a matter of convenience only the equations associated with the yaw
plane (X-Y plane, see Figure 9-2) will be derived; pitch plane (X-Z plane)

equations will be presented intuitively from the yaw-plane derivation.

The deflected configuration of the missile in the yaw plane (X-Y
plane) is shown in Figure 9-2. Most of the notation is self-explanatory

in this drawing.

. . . . L .th . ;
*  The subscript J used to identify the j~  engine has been dropped to
simplify derivations.

9-6
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RIGID BODY AXIS—"

ELASTIC AXIS -

no,

7 5yl

4 t17(Re)my = v7(Re) \

——
—
—
= £y(Re)
Xe = Rex. = Ry CENTER OF MASS

|
|

Figure 9-2. YAW PLANE MISSILE RATE OF DEFLECTION CONFIGURATION
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The total angular rate at the center of mass of the engine is:

v, = Bz + RZ + YZ(RE) (9-14)

and the total linear velocity of the center of mass of the engine is equal

to:
@ =80 - Lp v, (9-15)
where AG’ the linear velocity at the gimbal, is determined by
AG = VY - XG RZ + EY(RE) (9-16)

Substitution of equations (9-14) and (9-16) into (9-15) yields

a =V - xG R, + EY(RE) - Ly Bz - g RZ - g YZ(RE) (9-17)

G.RZ is the Y-component (ZG RX assumed zero) of the

vector cross product X » R, and that ZE is positive in the direction shown

Observe that the term -X
in Figure 9-2, so that the Y-component of L x § is positive in these equations.

The total kinetic energy of the gimbaling engine is then

]2

e

1 ° . - b . -
T = 5 M [VY - XG RZ + £Y(RE) - £E 8, QE 7 RE YZ(RE)

E

i . . . - 2 (9-18)
+ 5 Igg (8, + Ry + v, (Rp)]

where m_ is the engine mass, and IEz is the engine inertia about the Z axis
passing through the engine center of mass. For the case of a kinetic-energy
Lagrangian, the equaticns of motion of the system are determined by the

modified Lagrange equation:

9-8
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= () =0 (9-19)
q.
where the generalized velocities q; = Rz, VY, gY(RE), YZ(RE), Bz are associated
with rigid body rotation, rigid body translation, bending tramslation,

rotation due to bending, and gimbaling engine, respectively.

93.1 Rigid Body Translation and Forces
The derivation of rigid body translation will give those forces due

to the gimbaling engine that excite rigid body translation.

Using the kinetic energy expression, equation (9-18), in equation (9-19)
and performing the indicated operations for &i = VY results in the following

expression:

q . . . oo .
mE [éf (VY - XG RZ - Re RZ?J - me QE 8z + me 5Y(R'E) - mE QE YZ(RE)=O (9-20)

where
-g—th=A,§+mgvx-w§v2%A§ (9-21)
and
X, & ®) =X, O (9-22)
Similarly
L R =g el (9-23)

hence equation (9-20) becomes, after rearranging,

9-9
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My As = m; XG wg + my QE mg +mp Lo éz - mg EY(RE) + me QE ;Z(RE) (9-24)
where the terms on the right side of the equality represent forces due to

the gimbaling engine that drives rigid-body translation. If the terms that
couple rigid body rotation with rigid body translation are neglected (since
these effects are included in the rigid body equations) and the coupling
between bending and rigid body motion are considered negligible, the right

side of equation (9-24) can be expressed as follows:

Fpy =m tg B, —mg &y (Rp) +mp p v, (Rp) (9-25)

From a similar analysis, the forces due to gimbaling associated with the roll

and pitch planes are presented below.

B -

FEX_ - mp EX(RE) (9-26)
B . A .

Fpg = = B g By - mp g YY(RE) - mg EZ(RE) (9-27)

Equations (9-25) through (9-27) represent simplified and reduced components of

the general vector force due to the jth gimbaling engine:

_B - - ; oo Zo
Fp o= mp {FRE - Rp ) x [sj + y(Rp )] - £(R )} (9-28)
3 N €6 j ] 3
where
.th .
m, = Mass of j engine
j ,
ﬁE - ﬁE = Position vector of jth engine CG with respect to engine
CGj 3 attach point

9-10
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Acceleration vector (due to vehicle bending) at the jth engine attach
3 point

faal
o
~

[}

Angular acceleration (due to vehicle bending) at the jth engine attach

Y(RE.) = _
j point.
The vector (EE - RE ) is defined as
CG, |
J
_ . ~ + + 1
RE - REX, ‘ EE, cos BP. cos BY.
CGX, 3 j 3 ]
R R =] R - Ry = |- 2. cos 85 sin gl (9-29)
B, F Eeoy,  FYy 5 ? Y3
J J
2 sin B+ cos B+
R - E P Y,
Ecez REZJ i 3 3 i ]
L j -

where tp, 1s the distance from the attach point of the jth engine to its

CG and tge pitch (B;) and yaw (B;) angles are assumed to consist of canted

(BPk s BYk_) and misalignment (BPm.’ BYm,) angles as follows:
] h| b h|

+

5 = Bpk. T Fpm, (9-30)
J 3 J

+

SY. = BYk, + BYm, (9-31)
| ] J

The total force of N_ engines is determined by summing the individual engine

E
inertial reactive forces as follows:

N
FB - Z FB (9-32)

9-11
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9.3.2 Rigid Body Rotation and Moments

The derivation of rigid body rotation will give those moments due to

the gimbaling engine that excite rigid body rotation.

In equation (9-19) if éi = RZ, the expression below follows:

2. a . d .
gdt Ko R T ep Ry - Vy Xg - 2 Vg + 2 04p X, R)) + 1) —(R,))

. . . . - )
oo [-Xg (R + Rp Xp 8 4 X 2o v, (R + 8 G (Rp) + 2 B, + &g vz (Rp)]

+ I, [8, +v,(R)] =0 (9-33)
where, after using the approximations stated in equations (9-21) through (9-23)
and some slight rearrangement of terms, equation (9-33) can be rewritten as

follows:

2 -B B v=
[mE (xG + JLE) + IEZ] w, = Mg (XG + QE) Af + mg [xG gY(RE) -2

- Xy by v, R +ap e (R - a8, - al v, BN- I, (8, + v, (RO (9-34)

where, as a matter of convenience, the coupling between the rigid body motion
terms (mE(XG + lE) Ag) and between bending and rigid motion, will be
neglected. Observe that equations (9-25) and (9-34) show that the right side

of equation (9-34) can be easily rewritten as follows:
3 . T
z = “Fpy tg * mpiX, ”Y(RE) 6 + YZ(RE)]}- I 8, + v, (R)T  (9-35)

Expanding the analysis tc the general case where the gimbal location is
specified by a position vector with components along 3 axes, and interchanging

component names, the total moments from the 3 axes can be written as follows:

9-12
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;x(ﬁs) +®yy - Ry) EZ(EE) - (Ry, = Ry) EY(EE) (9-36)

SR
>

= -1
EX

3 3 - . . L N
Moy = g Fpg - IEYIBY + YY(RE)] - mE(REX - RX) {[By + YY(RE)] ig + EZ(RE)}

+my Ry, - R,) gx(ﬁE) (9-37)

5 . S W .
Mpp = = b Fpy m Ipy [8, v (R +mp (Ryy - Ry) {}[Bz + v (R &p + QY(RE)}

- mE(REY - RY) éX(RE) (9-38)

Equations (9-36) through (9-38} represent components of the general vector

moment due to the jth gimbaling engine written as follows:

ME, = (RE - R) x FE, - IE [Bj + Y(RE_)] (9-39)
j h| ] h| b
where
REX, - Ry
3
Re " R=jRy - & (9-40)
| ]
Rpz ~ Ry
. J —
IEXj 0 0
I, = 0 Iy 0 (9-41)
] h|
0 0 IEZ_
i j

9-13
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Total vector moment produced by NE engines is determined by summing the

individual moments of each engine as follows:

M (9-42)

933 Bending Translation and Forces

In equation (9-19) if Qi = éY(EE), the expression below follows:

. , L ey
(Vg = ¥g Ry = 2p Rp) +mplegRp) = 0p 8 = 4p v (R = = Fpy

d

E dt (9-43)

m
Upon using the simplification previously stipulated and approximations of

equations (9-21) through (9-23), equation (9-43) reduces to

b -B B B
- = + ¢ + = -
mg Ay = mp(Xg *Ap) Wyt Fpy f Fpy (9-44)
Equation (9-44) represents the force exciting bending in the yaw plane. By
a similar analysis, the forces that drive bending in the roll and pitch plane
may be determined, and all force components may be combined to form the

general vector force due to the jth gimbaling engine. This force, which drives

. h . . .
pending at the jt engine attach point, is as follows:

-B _ =B = = -By _ -B _
FE(b)‘ = FE. -mg [(RE - R) x w'] m A (9-45)
3 3 j CG, ]
]
-B ~RB*
= Fg + Fp (9-46)
] b

where

;B = Angular acceleration vector at the rigid body vehicle CG.

%*
The vector force FS appears in equation (9-45) because of the assumed

J
form of the 3-D modal data. Since it has been assumed that 3-D modal data

9-14
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were generated by using a vehicle bending model that excluded engine mass,
engine inertial reactive forces produced by rigid body vehicle angular

acceleration must be included in the force equations that drive bending.

Substituting the skew-symmetric matrix

B *B
0 —mz uY
-: .B .B
w =] e, 0 —wy (9-47)
. -B
EwY wy 0 .

to facilitate vector cross product operations and employing the anti-commutative
propertv of vector cross products permit rearrangement of equation (9-45)

to the form shown below:

=B ~B o - -B
= <+ ¢ - - A ~-48
Feeoy, = Fe, mEj[“" (KECG R) ) (9-48)
Equation (9-48) may be simplified by writing the vector (ﬁE - R) as
CG,
follows: b
(R -R = R -R. )+ (R, -R) (9-49)
Eog. T £ REj

]

Inserting equation (9-49) into equation (9-48) and substituting for Fi from

equation (9-28) produces the following equation: 3
_B - —_ - - - A
7 -m, (R, - R ) ox (B, + YR )1—£(RE)}
E(b), E, { E E. E .
®)y 3 cG, j ) ] ]
3
. (R - R LR, - R)- A -50
+ my Lu (RE RE,) + w(RE' R)- A } (9 )
3 CG. J J

J

Finally, equation (9-50) can be rearranged to render the form

9-15



NORTHROP TR-716

HUNTSVILLE

E E

=B - m {}ﬁ SR) x [-ad + 5, 4 ?(RE )]
j ol ] ’ ]

+ &(R. -R) - E(ﬁE ) ~ AB} (9-51)
J J

It should be noted that this force drives bending at the jth engine
attach point and that it is not summed over NE engines prior to going to

elastic body equations (Section II).

9.34 Bending Rotation and Moments

In equation (9-19) if di = ?z(ﬁE) it follows that

d . o p by hd d o
-~ _ v+ L + R + ) — (R

. . 5 -
*omplip v (RE) = 2p £, (Rp) + Rp 8 ]

*lgg DR + B 0= -y (9-52)

Equation (9-52) reduces to

R B —_— “ .3
- L F - - = -
" e Ay T Feoyy T el (R F B, mugd 2y, (9-33)
Equation (9-53) represents the moment exciting bending in the yaw plane. By
a similar analysis, the moments that drive bending in the roll and pitch
plane may be determined, and all components may be combined to form the vector

s . . : .th .
moment that drives vehicle bending at the j engine attach point:

B D = =B - hA ;u
Yoy, = Ry mRg ) xFpyy oIy [Bj R )t ] (9-54)
] €, 3 j 3 ]

9-16
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Section X
VEHICLE LOADS

10.1 GENERAL

Suitable formulation for determining vehicle loads at the kth fuselage
station due to forces and moments at the jth fuselage station is presented.
A separate, but similar in form, formulation would be required for determining
loads at selected wing, horizontal stabilizer,and vertical stabilizer stations.

This formulation would be finalized after a shuttle vehicle candidate had

been selected.

Formulation presented contains the following main features and assumptions:

@ The fuselage 1s segmented by station, and loads are computed at the
junctions of the stations (see Figure 10-1).

e Aerodynamic drag distribution is computed in this module. This is
done because drag forces are slowly varying and thus have little
effect on flexible body vibrations.

© It assumes a lumped mass approximation to the vehicle structure.
Vehicle is segmented by station into mass panels.

It assumes sectionalized aero distributions.
Inertial loads are computed.

Torsional moments are neglected.

Load station must coincide with a junction of fuselage mass panels
and aero panels.

@ Second-order effects resulting from static or dynamic displacements
cf the slosh masses or structure from equilibrium are neglected.

® Load equations must be modified for load stations within liquid
propellant tanks.

@ Load stations are numbered consecutively from the rear of the vehicle.

The loads are computed as a linear combination of individual loads produced

by aerodynamics, slosh,and vehicle inertia.

10.2 BENDING MOMENTS
Bending moments on the fuselage are computed about the pitch and

yaw axes only. Torsional moments associated with the vehicle roll axis are

not computed.

10-1
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The general expression for bending moments at the fuselage kCh load
station is:
NAf
By = [ [®R, -& )xF +® ]
=0 f3 fk £] £3
?S B =B B =B
+ ji [(RSj - RLk) X st + MS,] (10-1)
Nm
=B =B =B
- ) Im (R, - ) x a.]
. m Lk
=0 J 3 J
where the vector Eﬁk is of the form
0
BM, =[BM, | (10-2)
BMZk

-B : : : . .
and the term aj is the total acceleration due to vehicle dynamics, and is

of the form shown below:

r 7 n r n
B ( ‘B :B B B ]
Ay 0 Yz %y mX j 0
B n
-B ‘B ‘B B -
a - Al s by 0 byl [Riy| izl 01y Bpdny (10-3)
n
B B -B B ¢ -
Gz oex O [ Rz A 32 RpIny

The lower limit in the summations shown in equation (10-1) are defined as

follows:

° C) takes the value of j that satisfies the
. B
® (D takes the value of : that satisfies the relation RSX > R

© (3 takes the value of j that satisfies the

10-3

. B
relation RAfX, >

by

|

>

B
LX

; B B
relation RMXj > RLX

k

k
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10.3 SHEAR FORCES
Shearing forces for the pitch and yaw planes are computed as a linear
combination of the forces associated with aerodynamics, slosh,and inertia

of the vehicle. The general expression is:

A N N

— F o 5 _B & -B

VE, = | F, 4 [ Fo. - | m oal (10-4)
=@ % =@ =07

where the vector ka has the form

0

VF‘k = VFYk (10-5)

‘VFZk

t
The axial force at the fuselage k h load station has the form:

N N
Af m
i B -
)} )

AF, = F - m, a
ALY S ;3
=@My @1 M

where Fifx is the drag force at the kth load station, and is computed as
3
follows:
PP, =qscC (10-7)
afrx, ~ 17 "rx,
] J
where:
= Dynamic pressure at vehicle CG
= Reference area
CfX = Aerodynamic drag coefficient at the fuselage jth aero station

3j (table lookup).

10-4
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10.4

SYMBOL

AF

£X

-5

ot

10-5

TR-716
GLOSSARY OF TERMS
DEFINITION UNIT
aB ]
X,
J
B . . th
ay Total acceleration vector of the j m/sec
h| mass, resolved in Body coordinates
B i=1 Nm
a
Z
hi
Ai -1
As Acceleration vector of the vehicle m/sec
CG due to body forces, resolved in
B Body coordinates
A
Z
. . th
Axial force acting at the k load N
station
k =1, Nk
0 th
B Bending moment acting at the k= load N-m
MYk station
k=1, N
BMZk k
£(M) Sectional aerodynamic drag coefficient unitless
at the fuselage jth aero station
j =1, NA
o
; ,th
F%Y Vector force at the fuselage j aero N
TOf] station, resolved in Body coordinates
= j =1, N
CAZ A
L 1
It
B .th '
FSY Vector force at the j tank lateral N
3 slosh mass, resolved in Body coordinates
FB j=1, NS
sz,
— J._J
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SYMBOL DEFINITION , UNIT
m, Mass of the jth mass panel kg
J i=1, N
T
M Mach number unitless
-~ B =
Pagx
B 3 !
M. = | M Vector moment of the jth aero station N-m
Af, AfY . . . v _
3 i resolved in Body coordinates j = 1, NS
. B
MAfZ.
]
L -
r— B —
MSX.
J
ﬁg = MEY Vector moment of the jth tank lateral N-m
3 3j slosh mass, resolved in Body cocordinates
B j= 1 Ng
'8z,
— J_.
n Number of bending modes being considered unitless
. . 2
q Dynamic pressure at vehicle CG N/m
AfX
]
5B B <, ..
RAf = RAfY Position vector from the Body origin m
3 j (vehicle CG) to the jth aero station
RB i =1, NA
AfZ
— J_.
1
F‘RB
LXk
=B o th .
R = 0 Position vector of the k load station, m
Lk . .
resolved in Body coordinates
= N
Lo k=1, N
-5
RmX.
J
ﬁi = RﬁY Position vector of the jth mass CG, m
3 b resclved in Body coordinates
g3 =1 N
“mZ,
J—
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SYMBOL DEFINITION UNIT
2
S Reference area m
T o ]
G?k = VFYk Vector shear force acting at the kth load N
station k = 1, Nk
LVFZkJ
BN
r,l
. 2
n = . Vehicle bending mode generalized m/sec
: acceleration
n
L n
4., (R ) Modal displacement YB coefficient for the unitless
Ym, i th ;th -
j i mode at the j mass panel location,
defined by Rn
3
i =1, n
j= 1, N
oiz(ﬁ ) Nodal displacement zB coefficient for the unitless
™ 1th mode at_the 3P mass panel location,
defined by Rm
3
-1i=1, n
j = 1, N
J Yo
rfﬂ—
“X
=B B . 2
= oy Angular acceleration vector of the rad/sec
- vehicle, resolved in Body coordinates
‘.B
L2
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Section Xl
GUIDANCE AND CONTROL EQUATIONS

1.1 GENERAL

This section outlines the development of the equations used in the
Guidance and Control Module of reference 1. The equations developed are based
on an "open-loop" type scheme; steering signals are generated in the form of
pitch and yaw commands such that the error resulting by comparing the actual
vehicle attitude with a programmed time-varying attitude is minimized. Formu-
lation in the Guidance and Control Module is given in a completely general
form so that for any particular case the number of gimbaling engines and the
number of active control surfaces can be easily changed by simply modifying a
program control variable. Also, as a matter of generality, transfer functions
associuted with the control variables are left in finite product form, ana the
gains associated with contrcl laws are also completely arbitrary. Control laws
for both gimbaling engines and control surfaces are shown to be of the same
kind; however, related gains are arbitrary. A fﬁnctional block diagram of the

guidance and control scheme is shown in Figure 11-1.

COMMAND F——& VECTOR CONTROL f——»
TIME | GUIDANCE | SIGNAL VEHICLE
EQUATIONS DYNAMICS
] o SURFACE CONTROL f—
REFERENCE
TRAJECTORY |20 VALS
STGNAL
KINEMATICS

Figure 11-1. FUNCTIONAL BLOCK DIAGRAM OF CONTROL SYSTEM
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The derivation of the guidance and control based on the open-loop scheme,
reduces to the task of showing how the feedback signals used in the control
system are calculated. The vehicle must then contain the necessary sensors
to detect the translational, rotational,and vibrational motion of the vehicle.
The commonly employed sensors are the rate-gyro, position gyro, and accelero-

meter.

11.2  ASSUMPTIONS AND APPROXIMATIONS
In developing formulation suitable for simulating G&C dynamics and
malfunctions, two fundamental guidelines were established. These are:

@ Formulation must be sufficiently flexible to effect desired changes
in control and steering laws and their associated gains,

© Formulation must be sufficiently general to consider both thrust
vector and aero control for a variety of vehicle candidates.

Significant assumptions/approximations made in equation formulation (and
modularization) and unique features are as follows:
¢ Guidance is based on an open-loop scheme

e Control laws for thrust vector and aero control are presented in
a general form containing control gains (to be furnished as parametric
inputs when vehicle configuration data becomes available) and filtered

sensor output signals.

¢ Distribution laws for thrust vector and aerc control are presented
in a general form, containing gains to be determined by location
geometry of the jth engine and kth control surface.

o 3-D modal data at sensor stations are considered.

o Number of integrations will depend on order of actuator-engine transfer
functions.

® Control filters are given in general form.

1.3 SIGNAL KINEMATICS

Feedback signals used in the control and distribution laws are computed
in this section. For purposes of simulation it is desirable to compute
these signals as they would be sensed by the proper sensors in the vehicle;
thus by superposition of the translation, rotationyand bending motion at a
particular location associated with the sensor location, it is possible to

duplicate what this sensor would detect during flight of the vehicle.
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The effects of 'sensor dynamics' are not considered in this simulation
in the sense that there is no input to the program that results from some

signal detected by a sensor. . Sensor subscript notation is shown in Table 11-1.

Table 11-1. SENSOR SUBSCRIPT NOTATION

SUBSCRIPT SENSOR STATION

q=a ACCELEROMETER AT VEHICLE STATION LOCATED
BY POSITION VECTOR Ra

qg=p INERTIAL PLATFORM AT VEHICLE STATION
LOCATED BY POSITION VECTOR Rp

g=r RATE GYRO AT VEHICLE STATION LOCATED
BY POSITION VECTOR Rr

q=v VELOCITY METER AT VEHICLE STATION

LOCATED BY POSITION VECTOR Pv

The acceleration feedback is computed by summing the acceleration at
the vehicle CM, the linear acceleration at the location of the accelerometer
due to angular acceleration, and acceleration due to bending at the accelero-
meter location. The effects of the centripetal acceleration of the form
LB ;B Ri are not considered. Then, the total acceleration at the accelero-

meter location is given by the expressions.

n
_ BB B _ B B 2
AsX - AX Ty RaZ Yz RaY * iil ¢1X(Ra) i
B, B B _ B _B v =
= a2 4 - + R 11-1
Ay T Ay T ez Rax T ex Ryg 121 by (Ry) N (11-1)
BB B _ BB n -
fez T Az T ex Ray Tey Rax * izl ¢12(R) ny

The velocity feedback is computed by a linear combination of the following

terms: velocity vector of the vehicle CM, velocity at the velocity meter
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resulting from vehicle angular velocity, and velocity due to bending. The

necessary computations are shown below as follows:

B (aP5T R

Vex = Vi * wg Riz - wi RiY * izl 6 Ry 7y

Vo= e BB B e T Gy | (11-2)
sY Y Z vX X vZ i=1 iy 'v i

Vez = Vg + “i RiY - “3 Rix * iil RGN

The attitude rate signals are computed by adding to the vehicle angular

rates the angular rates at the rate-gyro locatiomns due to bending:

o~]
ne~13
H

.
sx ~x T ¢ix(Ry) 7y

t
1]
€
ot
+
e~

$1y(R) Ny (11-3)

.
<

“sY Y

=

¢iz(Rr) ny

13
i
(3
™~
+

sZ

—

o]
'.-l.
W9

The attitude feedback signals are computed by adding the slopes due to
tending, measured at the position gyro locations, to the attitude error that
results by comparing the actual vehicle attitude with a programmed time-—

dependent attitude. The attitude error in Plumbline coordinate frame is

given by
¢ =¢ () - 9@
€ c
(11-4)
o, = Oc(t) -9
WE = WC(T) - ¥
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These sipnals, resolved in Body coordinates and combined with bending

effects, yield attitude signals of the form shown below:

n
T 4 (R
b = + v s¥ - el (R)r
s € i1 iX ' p i
n
Goo= oV y - ¥ ' (R " -5
Uy ! et oY + ‘_osv T ¢iY(Rp) . (11-3)
i=1
L -
Y oo= - Y+ - : -
i s¢ ¢ o 9 iﬁl QiZ(Rp) i

11.4  FILTERS
Flight control fiiters shape the 'sensed' signals to achieve phase and

gain stabilization. Filter subscript notation is shown in Table 11-2.

Table 11-2. FILTER SUBSCRIPT NOTATION

SUBSCRIPT. FILTER FUNCTION
K = AX [Fay]
Kk = AY [F..] FILTERS FNR VEHICLE ACCELERATION SENSOR
AY OUTPUTS ASX Asy’ AND Asz
k = AZ [Fp]
k = VX [Fyy]
K = VY [Foo] FILTERS FOR VEHICLE VELOCITY SENSOR OUT-
A PUTS st, Vsy’ AND vsz
k = VZ [FVZ]
k = wx [F X] .
K = wy [qu] FILTERS FOR VEHICLE ANGULAR VELOCITY
wy SENSOR OUTPUTS Woyy Wooos AND o
k = wz [F 1] SXT Sy sz
wZ
k= (F,]
K= g [F+] FILTERS FOR VEHICLE ATTITUDE SENSOR
3 QUTPUTS ¢_, o, AND v
k=g [F,] 0 ®
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For attitude rate:

For attitude error:

TR-716
For translational acceleration:
Apx = Fax! Aoy
Apy = [Fpyl Ay (11-6)
Apy = [Fy,l A,
For translational.velocity:
VFX [FVX] VSX
VFY [FVY] VSY (11-7)
Vrz = [Fyzl Yoy
wpx = Fxl weyx
Woy [FwY] Woy (11-8)
wpg = [F ) wgg
@F [F¢] b
0 ) 11-9
op = [F ] & ( )
Ve (Fyl ¥g
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115 CONTROL AND DISTRIBUTION LAW
The basic function of the contrel law is to generate steering signals,
engine gimbal. commands, and control surface deflections in response to error

signals so that the vehicle follows a set of constraints.
11.5.1 Thrust Vector Control

11.5.1.1 Engine Commands. The control law for the jth engine is of the

form:
ROLL:
2. T 4R, *f T %R, “mx
i i j

PITCH:

Bp = %0p Yp t21p wpy T 81p Vpr t gy Ay (11-10)

j i j 3 j

YAW: ,

"y T “or, 'r T 1y, ezt By, ey * Bav, Ary

Pitch and yaw engine actuator commands are generated by combining the control

angles of equation (11-10) as functional relations of the engine location

chj 1y, Pp. T Roy B,
(11-11)
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where the distribution gains K , and K are determined by

1y, * Koy K1z, 22,
] ] b ]

geometry of the engine location. Actuator and engine transfer functions may
be combined to determine the actual engine gimbal angle deflection, as shown

in Figure 11-2.

ACTUATOR/ENGINE
°C B TRANSFER FUNCTION Al

ACTUATOR COMMAND ENGINE GIMBAL ANGLE

Figure 11-2. SIMPLIFIED BLOCK DIAGRAM FOR ENGINE DEFLECTION

h
Pitch and yaw gimbal angle deflections for the jt engine, using pitch

and yaw combined actuator/engine transfer functions, are given as follows:

w
[}

. YAE.(S) 8cy.
] J J
(11-12)

w
1}

. ZAE.(S) Bcz_
] ] ]

11.5.1.2 Engine Actuator Failure. Formulation used in the simulation is

sufficiently flexible to simulate an engine actuator failure. Flight time
at which failure is to occur is input and at this time the engine command
will be set equal to the failed gimbal angle. Actuator malfunction for any

number of engines may be specified in a completely arbitrary form.

11.5.2 Aero Surface Control

11.5.2.1 Control Surface Commands. The control law for the kth control

surface is of the form

1i-8
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ROLL
= b I 4+ b w
R, OR_F T IR UFX

PITCH

Sp = Pgp. U T Pip wpy Y dip Vez tdyp Ap (11-13)

k k K k

VAL

s = b . 4 4b.. w_ +d. V. +d.. A

v © oy, P Prv frz T Cuy Yey T %2y, Sy

Pitch and yaw control surface actuator commands are generated by combining
the control angles'shown in equation (11-13) as functional relations of the

control surface location and function (aileron, elevator, rudder).

= K 5
ca\ 3Xk Rk
i =K 3. + K 5 (11-14)
;ek 3Yk Pk ) AYk Rk
2 = K A + K I '
crk 3Zk Yk AZk Rk

where the distribution gains k3X s k3Y s hBZ s k&Y , and KAZ are determined
k c k k k
by the location and function of the k= control surface. The actual control

surface deflection is also based upon the block diagram shown in Figure 11-2.
Thus, the actual control surface deflection for the kth element is given as

follows:
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5a - Ya (s) 5ca
k k 3
5 = Y (S) & (11-15)
ey ey ce,
§ =Y (8) 8§
Ty 2 ery

11.5.2.2 Control Surface Actuator Failure. The case where a control surface

actuator fails may also be simulated. As in the engine actuator failure the
flag that indicates when actuator failure occurs is time. At this time of

failure, the control surface command will be set equal to the failed control
surface deflection angle. Thereafter the dynamics associated with the failed

control surface cease to exist, and control via this control surface is lost.

11.6 GLOSSARY OF TERMS

SYMBOL DEFINITION UNIT
Ay
-B B . .
A = AY Acceleration vector of the vehicle CG m/sec
B due to body forces, resolved in Rody coordi-
LA nates
2—
[APB] Coordinate transformation from Body coordinates unitless
to Plumbline coordinates
ASX,ASY,ASZ Vehicle acceleration signals m/sec
AFX’AFY’AFZ Filtered output signals AsX’AsY’AsZ m/sec

Actuator/Engine Transfer Functions

YAE (§) = YA (8) YE (s) Combined actuator-engine transfer function unitless
j 3 i for the jth engine, Y-axis command

ZAE (8) = ZA (s) ZE (s) Combined actuator-engine transfer function unitless
j 3 3 for the jth engine, Z~axis command

11-10
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SYMBOL DEFINTTTON

Control Surface Transfer Functions

Ya Combingd actuator-control surface transfer function for
k the kM control surface, X-axis command (ailerons)
Ye Combined actuator-control surface transfer function
k for the k2 control surface, Y-axis command (elevators)
Yr Combined actuator-control surface transfer function
k for the kth control surface, Z-axis command (rudder)

Control Law Gains - Thrust Vector Control

35R Attitude gain, roll
3
aip Attitude rate gain, roll
b
25p Attitude gain, pitch
a1p Attitude rate gain, pitch
j .
a4y Attitude gain, yaw
]
alY, Attitude rate gain, vaw _ i
J
£1p Lateral velocity gain, Z-axis
j
e Lateral acceleraticrn gain., Y-axis
T
iy Larerai veiocity gain, Z-axis
S
8oy Lateral acceleration gain, Y-axis
T3

11-11
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unitless
unitless

unitless

rad/rad-
unitless

sec

unitless

sec

unitless
sec
rad-sec/m

2
rad-sec /m

rad-sec/m

2
rad-sec /m
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Control Law Gains - Aero Surface Control
bO Attitude gain, roll rad/rad-
Rk unitless
ble Attitude rate gain, roil sec
bOD Attitude gairn, pitch unitless
"k
blp Attitude rate gain, pitch sec
k
de lateral velocity gain, Z-axis rad-sec/m
Tk
<Hp Lateral acceleratior gain, Z-axis rad-secz/m
Tk
bOY Attitude gain, yaw unitless
k
sec

Attitude rate gain, yaw

le
d Lateral velocity gain, Y-axis
1y
k
d”Y Lateral acceleration gain, Y-axis
Tk

Distribution Law Gains - Thrust Vector Control

KlY Pitch gain used in pitch "beta command” equation Ecy
J b
. . .t . .

Gain determined by peometry of the j h engine location

Roll gain used in pitch 'beta command" equation 3 v
c

KZY
J 3
KIZ Yaw gain used in vaw ''beta command' equation 3 g
3 ]
K,y Roll gain used in yaw '"beta command" equation 5eq
T ]

Distribution Law Gains - Aero Surface Control

KB, Roll gain used in roll 5 (kth aileron)
kk cak

11-12
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SYMBOL

K
3‘{k

.
[]

sX’

7

v \Y Y
Fx’ FY’ FZ

TR-716

DEFINITION

Pitch gain used in pitch equation 6ce (kth elevator)
k

Yaw gain used in yaw equation Scr (kth rudder)
' k

Roll gain used in pitch equation 6ce (kth elevator)
k

Roll gain used in yaw equation dcr (kth rudder)

k

General form of filter for the kth sensor output

m
921 (s - Z11y
[Fk] = - n>n
r (S-P,)
=1 1k
[ 8
qu
‘BY Position vector of sensor location
9 q (9 = a,p,r,v) resolved in Body
RB coordinates
Rez
— pT
RX
Rz Velocity vector of the vehicle CG,
relative to the Plumbline Frame origin,
éP resolved in Plumbline coordinates
Z
e
7
\X
B . .
VY Velocity vector of the vehicle CG
relative to the Plumbline Frame origin,
VB resolved in Body reference frame
L2
VSY,VSZ Vehicle velocity signals
Filtered output signals st’ VsY’ VSZ

11-13
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SYMBOL DEFINITION UNIT
Bp sBp 4By Thrust control angles for roll, pitch, rad
i j 3 and yaw
Bc ’Bcz Engine actuator "beta commands" for rad
yj j pitch, yaw
r - - -
0 0
é. =|8B = BP Gimbal angular acceleration vector rad
J Y3 i of the jth engine
g 8
zj Y
L4 L 3
o ] {0 -
I ) . .th .
JJ = By = BP Gimbal angle vector of the j engine rad
3 ]
Bz_ BY,
L ] L

éa ’6e ,Gr Control surfaces control angles for the rad
k k k kth aileron, elevator, and rudder
5ca ’5ce ’5cr Control surface actuators - ''delta rad
k k k commands" for roll, pitch, and yaw
ré ]
X
k
o= 5 Control surface angular acceleration rad/sec2
k Y ~th
.k vector of the k%N control surface
§
L %
( Xk
T . th
D e Control surface vector of the k rad
° k control surface
5
L %
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SYMBOL

[71]

n = le

DEFINITION

Vehicle bending mode generalized displacement

f-.- —
"
n Ny Vehicle bending mode generalized acceleration
n
L. n_J
C Pitch~Euler attitude angle
Qc = 2(t) Pitch-nominal commanded attitude
GF Pitch-filtered Euler attitude error feedback
QS Pitch unfiltered Euler attitude error feedback
$ Roll-Euler attitude angle
QC = $(t) Roll-nominal commanded attitude
¢F Roll-filtered Euler attitude error feedback
PS Roll-unfiltered Euler attitude error feedback
- _ -
¢1X(Rq) « e . ¢nX(Rq)
i (R) = s . (R )Y . . ¢ (R General form for matrix of
r
> A Y ;q nY —q modal displacement ccefficients
017D ... ¢nZ(Rq)_ at sensor location g
] n [] ) 7
B - v el R | .
(R) = ' R)D) .. . e (R) General form for matrix of
v 9 1¥'q n¥q modal rotational coefficients
v (B A at sensor location q
le(Rq) . ¢nZ(Rq)_
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_§YMBOL DEFINITION UNTY
¥ Yaw-Euler attitude angle rad
WC = Y(t) Yaw-nominal commanded attitude rad
WF Yaw-filtered Euler attitude error feedback rad
!S Yaw-unfiltered Euler attitude error feedback rad
F-.B"
“x
=B B , . 2
woo= ey Angular acceleration vector of the vehicle, rad/sec
resolved in Body coordinates
QB
L2

B
“X
:B = w$ Angular velocity vector of the vehicle, resolved rad/sec
in Body coordinates
B
[z
Lex Y sy ¥sz Vehicle angular rate signals rad/sec
“py Ypy WPz Filtered output signals woyxr Woys Yez rad/sec
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Section X
CONCLUSIONS AND RECOMMENDATIONS

The overall objective of the project has been to derive a space vehicle
6-D trajectory with 3-D elastic body vehicle dynamics. 1t is felt that
the formulation presented in Sections II through XI meets this objective.
Specific requirements met are:

@ Vehicle subsystem equations use 3-D modal data

o Subsystem equations are developed in modular form having flexibility
and option characteristics

The modularized formulation possesses inter-modular compatibility
Trajectory equations are 6-D

Different types of earth gravitational models may be considered, and

All documentation of the modularized subsystem equations is presented
in a form amenable to analog/digital simulation.

As in all large sets of equations designed to be used in simulating a
problem of interest additional refinements may be added to the equations
as the problem complexity increases. Table 12-1 presents a tabulated

summary of conclusions on the present equations and recommendations for

future refinements.
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